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This  report  describes  work  on  Multi  Mode  Filters  performed  from  1 June  1976  to 
28  February  1977.  The  objective  of  this  program  is  to  develop  design  criteria 
and  establish  tradeoffs  for  the  transduction  of  acoustic  bulk  waves  In  crystal 
stacks,  for  use  in  filtering  applications.  A primary  goal  of  the  program  is  to 
explore  methods  of  obtaining  miniature  low-loss  acoustic  filters  using  inter- 
actions among  the  three  modes  in  each  crystal  layer,  which  depend  on  the  thick- 
ness coordinate.  
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20.  ABSTRACT  (continued) 


^This  report  is  concerned  with  Phase  I of  this  overall  Multi  Mode  Stacked  Crystal 
Filter  Program:  The  detailed  requirements  of  this  phase  were  to  consider: 

a.  Number  of  crystal  plates  in  the  stack.  Emphasis  is  placed  on  two-  and 
three-plate  stacks,  exclusive  of  bonding  or  coupling  layers,  relative  thicknesses 
of  the  plates,  and  bonds  or  coupling  layers. 

b.  Materials  comprising  each  crystal  plate,  bond,  or  coupling  layer. 

Emphasis  is  placed  on  quartz  and  highly  piezoelectric  materials,  such  as  lithium 
nlobate.  The  material  parameters  used  in  all  of  the  stacked  filter  programs  are 
arbitrary;  however,  most  results  are  illustrated  using  the  material  parameters 
of  AT-cut  quartz  or  are  illustrated  using  the  material  parameters  of  AT-cut 
quartz  or  multiples  of  them.  Results  for  berlinlte  are  included  (Section  2). 

c . Number  of  thickness  modes  coupled  piezoelectrlcally , in  a given  plate, 
to  the  electrode  system.  Number  of  thickness  modes,  coupled  mechanically  at  the 
Interfaces,  for  achieving  the  filter  response.  Emphasis  is  placed  on  one-  and 
two-shear  or  quasi-shear  modes. 

/N 

d.  Crystallographic  orientation  of  each  plate.  Emphasis  is  placed  on 
rotated  Y-cuts  of  quartz  and  lithium  nlobate  and  relative  rotation,  about  the 
common  thickness  axis,  of  the  various  plates  with  respect  to  each  other. 

e.  Bonding  materials  for  attaching  resonator  plates  together.  Techniques 
for  accomplishing  bonding  so  that  welded  Interface  boundary  conditions  are 
approached  as  closely  as  possible,  and  effects  of  finite  thickness  of  bonds  and 
bond  viscosity  are  considered. 

Bond  effects  for  the  single  mode  case  are  Illustrated  (Section  2)  for  bonds  of 
various  thicknesses  and  size  relative  to  the  crystal  plate  sizes.  The  effects 
of  bond  viscosity  (Q)  are  also  Illustrated. 

f . Various  electroding  arrangements,  and  interconnections  between  layers. 
Time  did  not  permit  an  evaluation  of  this  aspect  of  the  stacked  filter.  When 
dealing  with  two  plates,  only  a 180  degree  phase  reversal  between  the  input  and 
output  electrodes  of  the  stack  is  possible.  An  augmentation  of  the  actual  plate 
coordinate  equivalent  circuit  (Section  3)  is  discussed  in  Section  5.  This  is 
appropriate  to  this  problem  and  allows  for  arbitrary  electrical  interconnections 
between  plate  electrodes  of  the  plates  in  a stack  of  more  than  two  elements. 

While  additional  design  criteria  would  be  desirable,  most  of  the  specific 
requirements  of  Phase  I of  this  Multi  Mode  stacked  crystal  filter  program  have 
been  accomplished. 


UNCLASSIFIED 


HCUNITY  CLAUIFICATION  of  this  PAOe(^»n  Dmta  Bnttnd) 


Section 


TABLE  OF  CONTENTS 


INTRODUCTION 


SINGLE  MODE  BOND  STUDIES 


A.  TWO  CRYSTAL  SINGLE  MODE  FILTERS 


B.  BOND  PARAMETERS 


Bond  Material  and  Thickness 


Bond  Area  to  Transducer  Area  Ratio 


C.  TRANSDUCER  MATERIAL 


D.  THREE-CRYSTAL  QUARTZ  FILTER 

THEORETICAL  INVESTIGATIONS  OF  MULTIMODE  STACKED 
FILTERS 

A .  DEVELOPMENT  OF  THE  SECULAR  EQUATION  AND 

PROGRAM  CROT  


B.  SOLUTION  OF  THE  SECULAR  EQUATION  AND  PRO- 
GRAM SYMEIG 


C.  TRANSFORMATION  TO  NORMAL  COORDINATES,  NOR- 

MAL MODE  IMPEDANCE  MATRIX  AND  PROGRAM 
VCOUP  

D.  TRANSFORMATION  TO  ACTUAL  PLATE  COORDINATES 

FROM  THE  NORMAL  COORDINATE  SYSTEM  


MULTIMODE  STACKED  FILTERS  AND  MODE  PRO- 
GRAMS   

COMPUTER  GRAPHS  OF  TYPICAL  MODE  PROGRAM 
RESULTS  


3-113 


DEVICE  FABRICATION  AND  TEST 


A.  RESONATOR  MATERIALS 


B.  BONDING  TECHNIQUES  . . . . 

C.  ELECTRODE  CONSIDERATIONS 


D.  EXPERIMENTAL  RESULTS 

E.  PROGRAM  SIGNIFICANCE 


SUGGESTIONS  FOR  FURTHER  WORK 


n n c 


:<  ;9T7 


J LjI 


1. 


INTRODUCTION 


This  report  describes  work  on  Multi  Mode  Filters  performed  from  June  1, 
1976  to  February  28,  1977  under  Contract  No.  DAAB07-76-C-1337. 

The  objective  of  this  program  is  to  develop  design  criteria  and  establish 
tradeoffs  for  the  transduction  of  acoustic  bulk  waves  in  crystal  stacks,  for  use 
in  filtering  applications . A primary  goal  of  the  program  is  to  explore  methods 
of  obtaining  miniature  low -loss  acoustic  filters  using  interactions  among  the 
three  modes  in  each  crystal  layer,  which  depend  on  the  thickness  coordinate. 

This  report  is  concerned  with  Phase  1 of  this  overall  Multi  Mode  Stacked 
Crystal  Filter  Program:  the  detailed  requirements  of  this  phase  were  to  con- 
sider; 

1 . Number  of  crystal  plates  in  the  stack.  Emphasis  is  placed  on  two 
and  three -plate  stacks,  exclusive  of  bonding  or  coupling  layers, 
relative  thicknesses  of  the  plates,  and  bonds  or  coupling  layers. 

The  M0DE  programs  (Section  3)  handle  only  two  plates  in  a 
stack  with  intimate  contact  between  the  plates . These  plates  are 
allowed  independent  thicknesses  and  material  properties.  The 
single  mode  programs  (Section  2)  allow  for  two  and  three  plates 
in  the  stacked  crystal  filter,  with  bonds  between  the  layers. 

These  programs  assume  that  the  plates  are  made  of  identical 
material  but  are  allowed  to  be  of  different  thicknesses.  The 
bonds  in  these  single  mode  programs  are  all  assumed  to  be 
identical  in  a single  stack. 

Possible  procedures  for  including  arbitrary  bonds  in  the 
M0DE  programs  and  for  including  additional  plates  in  the  stacks 
of  these  programs  are  also  described  (Section  5). 

2.  Materials  comprising  each  crystal  plate,  bond,  or  coupling  layer. 
Emphasis  is  placed  on  quiirtz  and  highly  piezoelectric  materials, 
such  as  lithium  niotxite.  The  material  parameters  used  in  all  of 
the  stocked  filter  programs  are  arbitrary;  however,  most  results 
are  illustrated  using  the  material  parameters  of  AT -cut  quartz  or 
multiples  of  them.  Results  for  berlinite  are  included  (Section  2). 

3.  Number  oQhickness  modes  coupled  piezoelectrically , in  a given 
pLite^  to  the  electrode  sy_stem  . Numbra;^  of  (Jiicjmess  modes,  coupled 
mechanically  at  the  interfaces,  for  achieving  the  filter  response. 
Emphasis  is  pLiced  on  one  - and  two-shear  or  quiisi -shear  modes. 

The  various  MODE  programs  (Section  3)  allow  for  from  one  to  three 
piezoelectrically  coupled  nuxles  in  each  ptote  . This  number  can  vary 
between  plates  in  a stock.  These  programs  also  allow  for  from  one 
to  three  mechanically  coupled  modes  at  Uie  boundaries  of  the  plates. 


Crystallographic  orientation  of  each  plate.  Emphasis  is  placed  on 
rotated  Y-cuts  of  quartz  and  lithiuin  niobate  and  relative  rotation, 
about  the  common  thickness  axis,  of  the  various  plates  with  respect 
to  each  other. 

The  programs  CR0T,  SYMEIG  and  VC0UP  (Section  3)  allow  for 
calculation  of  the  required  input  parameters  for  the  M0DE  programs 
using  any  arbitrary  orientation  of  the  plates  with  respect  to  the 
standard  X,  Y,  Z axes  . Operation  of  these  programs  is  illustrated 
for  AT -cut,  which  is  a rotated  Y-cut  of  quartz.  The  M0DE2  and 
M0DE3  programs  allow  for  an  arbitrary  angle  of  rotation  about  the 
common  thickness  axis  between  the  plates  in  the  stack. 

5 . Bonding  Materials  for  attaching  resonator  plates  together . Techniques 
for  accomplishing  bonding  so  that  welded  interface  boundary  conditions 
are  approached  as  closely  as  possible,  and  effects  of  finite  thickness 
of  bonds  and  bond  viscosity  are  considered. 

Bond  effects  for  the  single  mode  case  are  illustrated  (Section  2) 
for  bonds  of  various  thicknesses  and  size  relative  to  the  crystal 
plate  sizes.  The  effects  of  bond  viscosity  (Q)  are  also  illustrated. 

Techniques  for  including  bonds  in  the  M0DE  programs  are  also 
discussed  (Section  5). 

Information  relative  to  bonding  materials  and  techniques  for 
accomplishing  bonding  is  described  (Section  4). 

6 . Various  electroding  arrangements,  and  interconnections  between 
layers . Time  did  not  permit  an  evaluation  of  this  aspect  of  the 
stacked  filter.  When  dealing  with  two  plates  only  a 180°  phase  re- 
versal between  the  input  and  output  electrodes  of  the  stack  is  pos- 
sible. An  augmentation  of  the  actual  plate  coordinate  equivalent 
circuit  (Section  3)  is  discussed  in  Section  5.  This  is  appropriate  to 
this  problem  and  allows  for  arbitrary  electrical  interconnections 
between  plate  electrodes  of  the  plates  in  a stack  of  more  than  two 
elements . 

While  additional  design  criteria  would  be  desirable  it  appears  that  most  of 
the  specific  requirements  of  Phase  I of  this  Multi  Mode  stacked  crystal  filter 
program  have  been  accomplished. 
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2.  SINGLE  MODE  BOND  STUDIES 


In  this  section  Mason's  equivalent  circuit  for  piezoelectric  transducers 
with  constant  flux  density  (in-line  field  model)  is  used  to  investigate  the  effects 
of  bond  parameters  on  multimode  stacked  filters.  This  model  is  shown  in 
Figure  2.1.  This  same  circuit  can  also  be  used  to  represent  the  bond  between 
elements  in  the  stack  by  eliminating  the  electromechanical  transformer  and 
associated  electrical  input  network. 


Figure  2.1.  Mason's  Equivalent  Circuit  of  Single  Mode  Transducer 
with  Constant  Flux  Density  D (In-Line  Field  Model). 

A.  TWO -CRYSTAL  SINGLE  MODE  FILTERS 

Mason's  equivalent  circuit  for  piezoelectric  transducers  can  be  used 
to  devise  an  equivalent  electrical  circuit  that  represents  bonded  crystals 
operating  in  a single  shear  mode.  An  equivalent  circuit  for  two  bonded  crystals 
of  the  same  dimensions  is  given  in  Figure  2.2.  The  impedances  are  found 
from  Mason's  equivalent  circuit  to  be 

Zj  = ZQ.j,/sinh  (r.j,  (.j.)  2.1 

Z2  = ZoT/tanh  (Ft  ^T^^)  2.2 

Z3  = ZoB^'“''<''b'b''2> 
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Figure  2.2,  Two  Bonded  Identical  Crystals. 


Z4  = '7  sinh(rgfg)  2.4 

where  7 P and  ZoB>  P g are  the  characteristic  impedance, 

i propagation  constant,  and  thickness  for  the  transducer  and 

boiiu,  respectively. 

Cq  and  n are  clamped  capacitance  and  electromechanical  transformer 
turns  ratio  for  the  transducers. 


The  complex  propagation  constant,  F,  is  given  by 


r=^(i.4),  2.5 

where  w is  the  angular  frequency, 

c is  the  velocity  of  propagation,  and 
Q is  the  mechanical  Q of  the  material. 

The  capacitance  Cg  and  electromechanical  transformer  turns  ratio  n are  given  by 
= e®A/P  = e (1  - k^)  A/P  2.6 

" = I-  V '"o  ^OT  ' 

where  e^is  the  dielectric  constant  for  the  transducer  crystal 
k is  the  coefficient  of  electromechanical  coupling 
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A is  the  transducer  active  area 

C is  the  transducer  thickness 

f is  the  fundamental  resonant  frequency,  and 
o 

is  the  transducer  impedance 

The  transducer  crystal  thickness,  f , is  chosen  to  be  one -half  wavelength  at  the 
frequency  of  mechanical  resonance  and  electrical  antiresonance,  fg 

C = c/2f  2.8 

0 

The  impedance,  Zq,  of  an  arbitrary  transducer  or  bond  material  is  given  by 
Z = Ape  , 2.9 

where  A is  the  cross-sectional  area, 
p is  the  material  density  and 
c is  the  velocity  of  propagation  in  the  material. 

Note  that  from  the  Mason's  equivalent  circuit  of  Figure  2.1,  the  free  faces  of 
the  crystals  are  assumed  to  have  zero  force.  Hence,  the  terminals  repre- 
senting the  free  faces  are  connected  to  ground  in  the  equivalent  circuit.  It  is 
convenient  to  reduce  the  equivalent  circuit  of  Figure  2.1  to  the  equivalent  form 
shown  in  Figure  2.3  to  avoid  dealing  with  the  simultaneous  occurrence  of  poles 
in  the  branch  impedance  functions  at  resonance.  The  modified  impedances 
are; 

Zf’  = 2ZQ^/tanh  (F.^. 

^2'  = ^Zqt  ^^T 

A F0RTRAN  computer  program,  MMPLOT,  was  written  for  two  bonded 
crystal  of  arbitrary  dimensions,  and  material  types  using  the  equivalent  circuit 


2.10 

4/2) 

2.11 

form  of  Figure  2.3.  A listing  of  MMPLOT  is  shown  in  Table  2.1  along  with 
an  equivalent  circuit  indicating  the  nomenclature  employed. 

A multimode  filter,  consisting  of  two  epoxy  bonded  identical  AT-cut 
quartz  crystals  operating  in  the  pure  thickness  shear  modes,  was  analyzed. 

For  AT  cut  quartz  the  material  constants  are 

p = 2.65  X 10^  kg  m^ 

c = 3.32  X 10^  m /s 
Q >10000 
- =4.58 
k = 0.088 

For  a general  epoxy  bonding  material  the  constants  are; 

p = 1.7x10^  kg 'm^ 

c = 2.848  X 10^  m/s 
Q~  10 

The  crystals  are  one -half  wavelength  thick  at  10  MHz.  Electrical  mismatch 
loss  (power  input  to  the  crystal  stack  compared  to  the  maximum  available 
power)  and  Power  out /Power  in  versus  frequency  are  plotted  in  Figures  2.4 
and  2.5,  respectively,  over  the  range  of  1-50  MHz  assuming  a .01  mil  thick 
epoxy  bond  and  50  ohm  generator  and  load  impedances.  The  mismatch  curve 
of  Figure  2.4  approaches  the  type  of  response  expected  for  two  crystals  in  in- 
timate contact  with  zero  bond  thickness.  The  resonances  at  5,  10  and  15  MHz 
correspond  to  the  1st,  2nd  and  3rd  harmonics,  where  the  two-crystal  thickness 
corresponds  to  one -half  wavelength.  A null  occurs  at  20  MHz,  where  both 
crystals  are  one  wavelength  thick. 

An  expanded  view  of  the  mismatch  response  at  5 MHz  is  given  in  Figure 
2.6.  The  percent  bandwidth  is  very  smalt  at  .043%  when  using  50  ohm  termi- 
nations. The  bandwidth  is  increased  to  .34%  by  matching  the  filter  with  1600 
ohm  terminations. 

Since  the  mechanical  Q's  of  most  bond  materials  are  virtually  unknown, 
mismatch  loss  versus  frequency  was  plotted  in  Figure  2.7  for  assumed  epoxy 
bond  Q's  of  10,  100  and  1000.  The  higher  Q decreases  the  bandwidth  and  gives 
higher  mismatch  loss.  Inaccurate  values  of  Q will  not  have  much  effect  in  the 
rajige  100  to  1000  and  higher,  but  accurate  values  of  Q for  low  Q materials  are 
important. 

B.  BOND  PARAMETERS 

The  bond  material,  bond  thickness,  and  bond  area  relative  to  the  trans- 
ducer active  area  are  the  important  parameters  for  controlling  the  3 dB  band- 
width, insertion  loss*,  and  passband  ripple  of  the  bonded  crystal  filter. 


Insertion  loss  includes  mismatch  loss  plus  the  losses  in  the  bond  and  crystals. 


2-4 


TABLE  2.1 


A.  EQUIVALENT  CIRCUIT  FOR  TWO  BONDED  QUARTZ  CRYSTALS  OF 

ARBITRARY  DIMENSIONS  AND  BOND  MATERIAL  TYPE  (SINGLE  THICK- 
NESS SHEAR  MODES) 


1600  52  ! 


CRYSTAL 
■^02  l:2n2  ^12 


BOND 


CRYSTAL 
^11  2ni:l  -^01 


11 

= 2ZQ.j,/tanh 

(r^ 

f ti/2) 

21 

= 2Zq^  tanh 

^^T 

fTi/2) 

12 

= 2ZQy'tanh 

(Ft 

^2/2) 

'22 

= 2Zq^  tanh 

(Ft 

( -P2/2) 

'3 

= ZqB  <''b  ' 

B'^2) 

^4  ^OB^®^"^  ^^B  ^ B^ 

The  1600 -ohm  load  and  generator  impedances  were  chosen  to  maximize  the 
bandwidth  when  using  the  AT-cut  quartz  transducers. 
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TABLE  2.1  (CONT’D) 
COMPUTER  PROGRAM,  MMPLOT 


I0$* IUENr»865400-276-1265,ALK  EP-3 

20$:LIMITS»10,,,5000 

30$  s OPT I ON  I FORTRAN 

40$  »F0RTY»NLN0,NF0RM 

b0$:LIMIT3»03,26K 

60  $.*  REMOTE  »$$,  El 

70$ s REMOTE «P*, El 


I 3d 


bO 
90 
1 00 
1 10 
1 20 
1 30 
1 40 
1 dO 
1 OO 
1 70 
1 bO 
1 vO 
200 
d 1 0 
?J0 
i3l 
^js2 
53 
: D4 
.'bb 
^,■6 
•b« 
j9 
40 
4 2 

t 

4 4 

ob 

■oCi 

. )C 

..  -.0 

'VO 

5 0'' 

■,  I ) 
,4  'C 


PARAMETEh  NPTS=IOOO,NPLTb=! 

COMPLEX  E,AMP,EO,EG 

COMPLEX  Z 1 I ,Z21 ,ZI2,Z22,Z3,Z4,ZC1 ,ZC2,ZI 
COMPLEX  GTl  ,GT2,(JB,0b2 
COMPLEX  SINH.TANHX 

DIMENSION  K\ (NPLTS) ,PMIS( I OuO) ,PILOS( I 000) 
DIMENSION  IX( 10) , I/I 10) , ID( 10) ,bUF( 1 000) 
CHARACTER  DA*1 ( NPLTS )/"x"/ 

DATA  IY(  1 ) ,I7(2)/W,  lyillNSERflON  LOSS  (Db)/ 
DATA  IX(  1 ),IX(2)/lb,  IbilFREOJENCY  (KHZ)/ 

DA'fA  ID(1  ) , ID(2)/23,23HAL  KACHELMYEk  EP-3 

PI=3.14lb9 

YINCH=8. 

XINCH=10. 

FO=l ,E7 
IND=1 
11=100 
12=  /OO 
J'J  I =4 
N2=4 

b02  IF(  Il'JD.EQ.  1 )G0  To  bOl 
I i =400 
12=400 
iJi  =1 
iI2=l  0 

501  CriNVlNlJb 
IPL0T=1 
ij=l  0 .0-3 
ARLL4=i'I*D>fD/4. 

T.-.'ANSDUCER  CoNSTAN  I'S 
:':K=.Obb 
C'i''-3 . 321:3 
)'T  -2. 6bi;3 
/.uT=Ar::A*CTxDT 
■D'--0  O )0u. 

i.OHl)  CONSTANTS 
C . 1 . 3:3 
1 1.'  ■■  I . 13.5!:  3 
; 'u  b i:.'0'lTO=I  1,14,1  00 
.<.M  1 0=,-L0Ar(  I RAl  10) 

Ir  ( ;3ATiu.E0.7()O)rO\TlO=‘j0. 

/OL.=A  (hA*Cl5x;)i5/i(A  i To 

'1  O O'). 

■i'...''.N  '•  itTNiR  iJlMf.NSloNS 
iM  =Ci/(  '.x-FO) 


1 3b/ 
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4J0C 
4 10 
4^0 
4JilC 
4 

4‘')0 
46  0 
■; /vC 

-,o0 
4 90 
bO  ■> 


i 


'.VI 

I ■ ) ■ 

0 c 


/ ) !C 
/ i ■ 


I 

. I 


uoND  Thickness 
DO  5 N=N1,N2 
:3L=FLOAT(N)*2.54E-6 
CAPACITANCE  CO 
hP=4.5d*H  .8bE-l 2 
C0!=EP*(1  .-XK*XK)*AHEA/1'LI 
C02==EP*(  I .-XK*XK)*ANEA/TL2 
COUPLINU  COEFFICIENT  PHI 
PH  I = X K*SOPT  ( 2 . *FO*CO  1 *Z(JT ) 

Pii2“XA’fbUHT(  2 .*F0*C02*Z()T) 

NPITEIb,  I I )C0l ,C02,PH1 ,PH2 

FOliMATCOX,  "COI=",EI  2.4,"  C02=",  E 12. 4,  " PHl=",Fy.5, 

<i"  P112=",F9.b) 

Pri!=--2.*Pm 
Pii2=2.^PH2 
IrS=--W500 
IFE^I 02000 

\=0 

LOOP  TuNU  FREQUENCY 
DO  1 I==IFS,  IFF.INC 
<=i:+i 

.■."(L;0=FLoaT ( I ) * I • E2 
1^ i; OP AOj\  r ! ON  COi J STANTS 
uiT^2.*pI*KPhQ/CT 
i>:.>-2.  '■Pi  -A'FREQ/Cb 
AT“.jT/  ( 2 . xOi' ) 

A,  4 .’i-Oj) 

Oi  1 -=TL  1 -'.CHPLX  ( AT , BT ) /2 . 

> i i 2==TL2«C-3PLX  ( Ai , BT ) /2 . 

Oi;”-iL'‘C;-iF*I.X  ( Aii  , BB  ) 
j'  2 . 

COMPLEX  riPEDANCES 
ZM'-.'.  vLoiVi'ANllXCOTI  ) 

/LI!  -2  .-.vZ0T*iANilXfGTi  ) 

-.1  2 2!  ..••L0T/i'A:iliX(GT2) 

Z22"2.  ■•/(UL-iAHliX(0T2) 

,LL--::o.),-riAN!(X(0B2) 

.'.4r^:;o,^/bI!<'|](0B) 

.■:ci  H;.iPLX(0.,-l  ./(2.*PIxFREU*C0t  )) 

ZiLLO!  1PLX(0.,-I  ./(2.*PI*FREU*C02  )) 

ClbiMii  NETHOK'k  EOUATIONS 
bi  . 2bE-4 

( I . ,0.  ) 

AfP^^o-OVa  1 +bCLFxC,‘',PLX(  I .,0.) 
li-JLii-A/.  PxZC  I )*phI 
A.  ;■  A.  I'/PHl 
A. -.ih-/.  1 1 
',•'’•^i;/;'2  I 
■.•oL^'A. 

^ /:’4 

,'=1.  •.  : ■../ 

P V..//22 

• ( O' ' ./  ;i  ..D/PII2 
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> 30 

E=E-Af.‘.P:.-?.C2 

940 

A.MP^6A.4P+E/ZC2 

b 1 20 . vtALOG  1 0 ( C AB5  ( E ) ) 

960 

ARC."  I =ATaN  ( A I MAO  ( E ) /RE  AL  ( E ) ) 

970 

ZI=E/AOP 

voO 

EG^.\MP^i600.+E 

Vv'OC 

POO’EP  ANO  VOLTAGE  RATIOS 

i « .)Y=0 

PL/J=  { ( CATS  ( EG)  /2  . ) **2 ) / 1 600 . 

1 Jl  0 

P=RL'AL  t b>-CuR  JG  ( AMP  ) ) 

1020 

P:.iIS(K)  = 1 0.^AL0G10(P/Pb0) 

1030 

PO^^SCLF 

1 '40 

P I LO.S  ( .u  = 1 0 . *AHjG  1 0 ( PO/P50) 

1 JVO 

1 

CO.TPI  .A;b 

) 1 00 

10)  (p/‘is(  j)  ,j=i  ,K) 

1 1 ,15 

W.ir;.:(6,  lO)  (PILuSIJ)  ,J=1  ,K) 

1110 

F;:-=FLO.Ti  ( IbE)/l  0. 

1 i 20 

.^LL^FLo..Y  ( 1,70 

1 1 30 

FG--:-LOivT(  IFG)/IO. 

1 1 40 

v,;ay=o.  • 

I i 50 

Fi-.I.I-— 24. 

1 1 ^0 

00  1 ■)  ) \ , K 

1 1 65 

If-(PIL;)G(J)  .LT.YMlrl)PILOS( J)=YMIN 

1 yo 

1 00 

c;ui.  .!  iUT 

1 ! >5 

1 1-  ( I PH.a  .fib  . I ) G(.i  To  503 

1 :00 

CALL  Ci'LoT  0(P1L0.S,K,YMIN,  YMAX.YINCH 

1 .jr2 

.;i)  TO  604 

1 2f'5 

503 

C;,L1,  iOPLOTC  I'lLOO 

i . 6 

504 

IFL0Y'=iRL0F+l 

1 2l  0 

5 

i _ 1 “) 

ri 

,..l  6 

i .•  ( LI.).,^'O..^)G0  lu  502 

1 ..9:0 

CALL  PlJOA  O.  ,u.  , 099) 

1 . .30 

LY'OP 

; .40 

1 0 

fY;.'  ■ 0(  V) 

1 ..bO 

.Mo 

60 

CO.’.'iPLiA  FUnCTIOi<'  SINii(Z) 

i..70 

c(l;ple;.  / 

( 60 

: I . j:  ( C..  AP  ( Z ) -CHXP  ( -Z)  ) /2  . 

1 ,.uO 

26  ru  L, 

’ .vOO 

:.{:A) 

..10 

4 'I’L-E)’.  rili'iCriON  TAMHX(Y) 

.;20 

«4',:pl:.v  y 

1 

( ,4  0 
! . -.  0 
■ .60 

•Z/,:;,i;p=cll.’(  Y)-cLXP(-Y) 

Yv..i::x  G.L,iiiA/(Ci-.xp(  Y)+CEXP(-Y) ) 

i - 

) 

V 


.'vOStLILJHA  Y :IJ 
'A)$:EXECirr;. 

')ilS«HEM()Vi-.- YC,.;! 

IC$iREM()'it-'.’"^,  ■ I 
l')$«LlMri 

I-  ,10$jPHMEL::J  ,.J,:>,A'U:nnEi<:>/ADnLIb 
1430$«i  'P_:  I 7, XI  /UJ,,j;/0yb,,CALC0MP-1^65 
1 


S^'v 
' 

O'  > 


MULTI-MODE  FILTER 


Figure  2.4.  Mismatch  Versus  Frequency 


FREQUENCY  (MHz) 

Figure  2. 5.  Power  Out /Power  In  Versus  Frequency 


MULTI-MODE  FILTER 
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Figure  2.6.  Mismatch  Versus  Frequency 


For  a gold  bond  the  appropriate  material  constants  are: 


:( 


p = 19.333  X 10^  kg  m^ 

c = 1.2  X 10^  m s 
Q N 100 

(1)  Bond  Material  and  Thickness 

Insertion  loss  versus  frequency  over  the  passband  at  10  MHz  for  the  two 
crystal  AT-cut  quartz  filter  is  plotted  in  Figures  2,8  and  2.9  using  epoxy 
and  gold  bonds,  respectively,  for  a series  of  bond  thicknesses  from  .1  mil  to 
1 mil  in  steps  of  . 1 mil.  The  bond  area  to  active  transducer  area  ratio  was 
held  constant  at  1 400.  The  generator  and  load  impedances  are  1600  ohms  in 
order  to  give  a maximum  bandwidth.  Allowing  3 dB  passband  ripple,  the  epoxy 
bond  gives  a .65%  bandwidth  while  the  gold  bond  gives  a .75%  bandwidth.  This 
corresponds  to  a 15%  increase  in  bandwidth  due  to  the  better  impedance  match 
of  the  gold  bond. 

The  family  of  curves  clearly  indicate  the  effect  of  bond  thickness  on  the 
frequency  response.  As  the  bond  thickness  decreases,  the  crystals  become 
more  coupled,  thus  separating  the  peaks  and  giving  a larger  passband  ripple. 

(2)  Bond  Area  to  Transducer  Area  Ratio  i 

Insertion  loss  versus  frequency  over  the  passband  at  10  MHz  for  the  two  | 

crystal  AT-cut  quartz  filter  is  plotted  in  Figures  2 . 10  and  2.11  for  a series 
of  bond  area  to  transducer  active  area  ratios  from  1 50  to  1 '600.  The  bond 
thickness  was  held  constant  at  .4  mil.  The  curves  indicate  that  the  area  ratio 
plays  the  same  role  as  that  of  the  bond  thickness.  As  the  bond  area  to  trans- 
ducer area  ratio  becomes  larger,  the  transducer  crystals  become  more  coupled 
with  the  same  effect  of  separating  the  peaks  with  larger  passband  ripple. 

The  bond  tends  to  act  as  a capacitive  coupling  (c  = e A d),  where  A 
corresponds  to  the  area  ratio  and  d corresponds  to  the  bond  thickness.  Area 
ratio  and  bond  thickness  can  be  traded  off  to  yield  the  desired  passband  response. 

C.  TRANSDUCER  MATERIAL 

AT-cut  quartz  was  chosen  for  the  stacked  crystal  (multi-mode)  filter 
because  of  its  pure  mode  characteristics.  However,  its  low  coupling  coeffi- 
cient, k = .088,  limits  the  amount  of  bandwidth  that  can  be  obtainable. 

A new  material,  berlinite,  has  the  same  pure  thickness  shear  mode 
characteristics  of  AT-cut  quartz  but  with  a higher  coupling  coefficient  of  k = 

.143.  The  velocity  of  propagation,  c,  and  density,  p,  for  berlinite  are; 

3 

c = 2 .87  X 10  ms 
p = 2.62  X 10^  kg  m^ 
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Versus  Frequency  for  Epoxy  Bonded  Two 
t Quartz  Filter. 


rystal  AT -Cut  Quartz  Filter. 


Crystal  AT -Cut  Quartz  Filter 


IIW 


IMJ-'.,'. 


The  family  of  curves  in  Figures  2. 12  and  2. 13  for  the  gold-bonded  two 
crystal  berlinite  filter  can  be  compared  to  their  quartz  filter  counterparts  in 
Figures  2.9  and  2.11.  Allowing  a 3 dB  passband  ripple,  the  berlinite  filter 
yields  a 1.98%  bandwidth.  This  corresponds  to  a 164%  increase  over  the  gold- 
bonded  quartz  filter. 

D.  THREE-CRYSTAL  QUARTZ  FILTER 

The  equivalent  circuit  for  three  bonded  quartz  crystals  of  arbitrary  dimen- 
sions and  bond  material  type  operating  in  pure  thickness  shear  modes  is  given 
in  Table  2.2. 

Table  2.2  also  contains  a listing  of  the  computer  program,  3CB,  used  to 
analyze  the  equivalent  circuit . 

A multimode  filter  consisting  of  three  gold -bonded  identical  AT-cut  quartz 
crystals,  operating  in  pure  thickness  shear  modes,  was  proposed.  The  crystals 
are  one-half  wavelength  thick  at  10  MHz. 

The  family  of  curves  in  Figures  2.14  and  2.15  for  the  three  crystal 
quartz  filter  can  be  compared  to  the  corresponding  two  crystal  curves  of 
Figures  2.9  and 2. 11 . The  three -crystal  curves  are  shifted  downward  in  fre- 
quency with  the  same  3 dB  bandwidth  as  the  two-crystal  filter.  There  appears 
to  be  no  advantage  in  using  three  crystals  in  this  particular  configuration 
where  the  middle  crystal  only  serves  as  a coupling  layer. 
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Figure  2. 12.  Insertion  Loss  Versus  Frequency  for  Gold  Bonded 
Two  Crystal  Berlinite  Filter. 


009 


Two  Crystal  Berlinite  Filter. 


TABLE  2.2 


A.  equivalent  circuit  for  three  bonded  quartz  crystals  of 

ARBITRARY  DIMENSIONS  AND  BOND  MATERIAL  TYPE  (SINGLE  THICK- 
NESS SHEAR  MODES) 


11  " 

2ZQ^/tanh 

«T,/2) 

21  " 

2Zq^  tanh  (F^ 

«Ti/2) 

12  " 

2ZQ^/tanh  (F^ 

22  " 

2Zq^  tanh  (F^ 

13  " 

Z^^/sinh  (F^  C 

T3^ 

23  " 

Zq^  tanh  (F^  f 

T3/2) 

3 

Z0B<anh(rB( 

b/2) 

4 " 

Zog/slnh  (Fg  ( 

B^ 
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■mnsiiis 


B.  COMPUTER  PROGRAM,  3CB 


1U$«  lUEifi  »ddb400-^76-126b,ALi<  EP-J  I 3t) 

20S«LIMITdil0,,,5u00 

dJ$«()PTIUHiF()PfPAiJ 

40  $ « h'OPT V « NLNO , iJEoitM 

bO$»LlMl ld:03,26A 

605«WEM()i'E«  $S,£1 

/0$  »HEM()i  t«P*,El 


bO 

PAHAMETEh  :lPi'3=I  000,NPLrd=  1 

90 

CiImPLEX  h , amp  , E()  , 1:0 

1 00 

CtlMPLEX  Zl  1 ,Z2I  ,ZI2,Z22,Z3,^4,ZCI  ,Z(J2,ZI 

105 

COMPLEX  Z13,Z23 

no 

COMPLEX  G1 1 , Orz , Ob , Jb2 

1 20 

COMPLEX  d Ii'lii,  FAwrlX 

1 30 

UiMENdlOii  Ki  (OPLrd)  ,PMId(  1 000)  ,PILOd(  1000) 

1 40 

DiMENSIuu  IX(  k))  ,17(10)  , Il)(  10)  ,,jUE(  1 000) 

1:;0 

CtiAPACTbE  DA*1  (imPLTd) /"x"/ 

1 60 

UATA  i7(  1 ) , IY(2)/1  V,  IVtUiMSEtk'lON  LOdS  (OB)/ 

1 70 

DATA  iX(  1 ) , iX(2)/l5, 1 5HhRE0JE;iJCY  (<ilZ)/ 

1 oO 

DA'i  A I0(  1 ) , 1i)(2)/23,23HAL  KACHELMYEK  EP-3 

1 90 

PI=3.I4l5y 

200 

Y Ii'iCii=d. 

210 

XIi4CH=l  U . 

220 

IdliOR  i = 1 

230 

E0=1 .h7 

231 

ilJU=l 

232 

11=100 

233 

12= /OO 

234 

Nl=4 

235 

n2=4 

236  502 

IE ( IND.lQ. 1 ) 30  iO  501 

23b 

11=400 

23V 

12=400 

240 

N1  =1 

242 

112=  10 

243  501 

coNriwju 

244 

IPL0T=1 

245 

D= 1 0. E-3 

250 

AREA=PI>ciJ*n/4. 

200C 

TRAlldOUCER  COi'ldiAilTS 

2/0 

XK=.Odd 

2o0 

Cl=3.32t:3 

2V0 

1)1=2 . 65b3 

300 

Z(Vl=APEA*CT*or 

310 

01=1 OOOo. 

320C 

buNO  COildfAiirb 

330 

Cb=l  .2Ej 

340 

LJD=1  V.333E3 

345 

00  5 I PAH  0=11  ,12,100 

346 

HA'l  IO=ELOAr(  IPAl  lO) 

34  7 

IE(  iRAriO.EO.  /(X))  PAT  1 0=50. 

3b0 

ZOb=APEAxCBxDil/u  A 1 lO 

3oO 

Ob= 1 00. 

135/ 
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i 

[ 

I 


370C  1 rtAi'lbDUCtihi  UL.itiiblOND 

JdO  TLl=Cf/(2.*t-0) 

3V0  iL2=TL I 

395  rL3=rLI 

4'JOC  biJrJl)  THICKhcSS 

4 10  DO  5 N=i'.  1 , N2 

420  DL=FL()Ai  ( N ) *2  .b4i:-6 

430C  CAHACIiANCt:  CO 

440  EP=4  .5d»fd . dbti- 1 

4d0  C01=EP*(  I .-XK*XK)*AAEA/'iL  1 

460  C02=EP’^(  I .-XK*X^)*APEA/iL2 

4o5  C03=EP*( 1 .-XK*XK)*APEA/iL3 

470C  CO'JPLii'iO  CC)[;hl- IC  lEi'l  1 Piil 

4d0  PH  1 = XKxd()HT ( 2 . >fi-0*Cv3 1 *Zo  i' ) 

4y0  Pri2=XX>fdCl.Hr ( 2 . *bOxC02*2(J i ) 

4y5  PH3=XK'*''dtJ2T(  2 .*t-()'<rC03*2tJ'l  ) 

5J0  WKITE(6,  I I )C01 ,C02,HH1 ,PH2 

510  II  FOkMAK jX,"C0I=",E12.4, " C02=" , E 1 2 . 4 , " PH1=",F9.5, 

515  3"  kH2=",F9.'j)) 

520  Pril=2.*Fill 

530  PH2=2.xpH2 

540  IF3=99500 

5dO  I FE= 102000 

560  INC =5 

565  K=0 

5/OC  LOOP  TlikU  FtiEQlJENC7 

5o0  00  I I = i FS  , 1 1- F: , i iNC 

dVO  K=K+  I 

600  FkLO=FL(Mi'(  1 )*1  .L:2 

6 1 OC  Ptk)PAOrt'I  I O/I  COOd'I  AjJTS 

620  b 1 =2 . ’fpl  ^r'kuO/C'i 

630  Bd=2  ,*P  I ’»'FkEQ/Cb 

640  Ai=JT/(2 .*0l ) 

7)50  Ab  = db/ ( 2 .*0b  ) 

660  Oil  =l'Ll  *CHPLX(  Ai  , bl  )/2. 

6/0  OT2=TL2'fO,.iPLX(Ai  ,bT)/2. 

6/5  GT3=i'L3*CMPLX  ( Ai  ,bi)/2. 

6oO  Ob=iiL *CmPLX ( All , bl) ) 

OVO  0b2=0H/2 . 

700C  COMPLEX  I MPEDAiJCFd 

/lO  Zl  l=2.*2(il/iANiU(OTl  ) 

/20  Z2I=2.*ZOi'*lAH;iX(OTl  ) 

/bO  Zi 2=2. *401/1 ANHa(0T2) 

/40  Z22  = 2 .*^Oi*i  A‘4i1A  (Of2) 

/44  Z1  3 = Z()l’/biNil(  2 .*013) 

/45  IF(  IdiiOio  .EU.  1 )/J  3=ZI  3+CMPLX(0.  ,PH3*PH3/(2.*PI*FkE0*C03  ) ) 

/47)  Z23=Zo  i/t  1 /VNH  X ( 0 1 b ) 

/5O  Z3=Z0i)*  1 A iF  lx  ( 0b2  ) 

/60  Z4=Zv)b/dIiMtf(0b) 

7/0  ZCI=CMPLX(0.,-i  ./(2  .*PI*hki{o*C01  )) 

/oO  ZC2=CMPLX((,)...-I  ./(2.*Pl>.F!b-w*C02  )) 
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/v(x:  cii-iCdri  houations 

oOO  3CLh  = 6.  iibfc— 4 

dlO  F()=CMPLX(  1 . ,0.  ) 

odO  A/^P=H()/^C) +bCLhxCMPLX(  I .,0.) 

OJO  f:  = (EO-AMP*ZCI 

d40  AMP=AMP/PH1 

dbO  t>[;  + A^^P*ZI  1 

ooO  AMP=AMP+E/ZZl 

d/0  E = P+Af«P>cZd 

doO  A;'^P=  AMP  + L/Z4 

odZ  E=t+AMP''«(  Z3+ZZdJ 

od4  AMP=AMP■^l-./Z  I J 

dob  l:  = t+AM.P*  ( Z3  + Z2d ) 

Odd  APiP-A -AP  + c/ZA 

dvO  E=L  + A »lP*/ 3 

y()0  AMP=A’.|P  + r/ZZ2 

yU;  i:'=(f>AMF*Zl  P)/PitZ 

y^O  AMP  = Af.iP*PH2 

yjO  t:=L-A  IPwZCZ 

y40  AMP=A3P+t:/Z0Z 

y-jO  H I M=Z  J . ’»ALi)o  I >)  (C  Add  ( i' ) ) 

ybO  Ahoi-  1 =A  i A.<  ( A I 3Ao(  h ) / t/cAL  ( f: ) J 


y /O 

Z I =d/.Uh 

yoO 

HG=AMpyr  1 60  ).  + '• 

yyOC 

Podti/  AOO  VOLirtJh  AAFU^S 

1 kjOO 

PbO=  ( (dAdoC  r:i0)/2  . )»*2)  / I60U. 

1010 

P = OEAL ( r yCoOJO( AMP  ) ) 

1 j2o 

PO I S ( K 1 = 1 0 . xALud 1 0 ( P/PdO ) 

1 J30 

PO=dCLr 

1040 

Pi LOS(  K ) = 1 0. ^ALOGI 0( Po/PdO) 

1 uyo 

1 

COOi  I.iud 

1 1 00 

iiKlTi:(b,  10)  (P..Ud(J)  ,J=1  ,i<) 

1 1 Ob 

OKI 1E(6, 10) ;PILdd(0) ,J=1 ,K) 

1110 

Fb.^PLOrt J ( Irt:)/ll). 

1 120 

OLL=PLC)A  i ( I ..C  ) 

1 1 30 

Pd  = P!,OA  1 ( I rd  ) / 1 (.)• 

1 1 40 

YMAX=  ). 

1 1 b!) 

y*,  I;0=-24  . 

1 i 60 

l,U  1 )J  J - 1 . .V 

1 1 dd 

1 h V P 1 1.^)  j ( J ) . 1^  i • 1 1'l  I n ) K I Lod  ( J ) — y M I u 

i i VO 

1 

COOi  I ^Ul■. 

1 1 Vb 

l)'iIPLwi.  Ji_.l)v-'0  To  bOd 

1 4 a) 

CALL  Ci'LoT  )(r  iLOd,  K,  Y.nlix,  y lAX,  Y I NCH , PO  , FH , X INCH , I Y , I X , I [),  BUF  ) 

1202 

UO  I’O  -jOA 

1 20-. 

b03 

CA!.I.  /uKl3)i  (PiLOo) 

1 206 

d )4 

iPLv)r=iPL0i  + l 

1 2l  ) 

0 

COdfl  IPF 

1 1 d 

I No=  i ,(d  + 1 

I2l6 

U ( 100. i-  ).2)0()  lO  dOP 

1 220 

CALL  Pi.OF(  0.  .0.  , yvy) 

1 2 30 

S1\JP 

1 .^40 

10 

Fw  b.iA  i ( y ) 

1 2bri 

FfiO 
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TABLE  2.2  (CONT’D) 


1260  COA'.PLL'X  HUNCra^W  SlNiKz) 

1270  COMPLEX  Z 

I2b0  Sa^H={Ct:XP(Z)-Ct:XP(-/. ) J/2. 

1290  PbrUkN 

1 300  ENO 

1310  COMPLEX  HlJuCTa)N  TANriXCY) 

1 j20  COMPLEX  Y 

1 330  TANHX=CEXP( Y)-CEXP(-Y) 

1 340  iAMi-lX=lANHX/(CbXP(  Y )+CEXP(-Y  ) ) 

1350  WErU2N 

1 J60  END 

1 380$:LId2APY«L1 
1 390$: EXECUTE 


1400$»HE?viOTE:  $$,E1 
1 41  0$» REMOTE «P*,EI 
l4l53»LlMlTb:i0,,,50n0 
1 420$sPiL.\FL»LI  , R , b , AOtUSErtE/AOEL  lu 
1430$!  i APE « 1 / ,XI  70i),,c  /i  9 / ,,CALC0mP-1  26b 
1 440$iL:NuJOtj 
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Three  Crystal  AT -Cut  Quartz  Filter. 


3.  THEORETICAL  INVESTIGATIONS  OF  MULTIMODE  STACKED  FILTERS 

The  multimode  stacked  filter  investigations  in  this  section  will  make 
use  of  the  transmission  line  model  of  a piezoelectric  plate  as  developed  by 
Dr.  Ballato[  Ij  instead  of  the  Mason  Equivalent  circuit  used  previously. 

A thorough  derivation  of  this  model  is  given  in  reference  [1]  ; however 
a brief  discussion  of  its  derivation  will  be  included  here  as  an  aid  to  under- 
standing the  programs  and  results  to  be  presented. 

An  attempt  will  also  be  made  to  present  the  ideas  on  a fairly  elementary 
level  so  that  the  programs  can  be  interpreted  by  those  who  are  unfamiliar  with 
crystal  physics  and  tensor  notation. 

This  derivation  will  be  split  into  sections;  the  computer  programs  devel- 
oped during  the  course  of  this  contract  will  be  presented  at  those  points  in  the 
derivation  where  they  are  used. 


In  this  presentation  the  following  symbols  and  conventions  will  be  used; 

T.,  = stress  (force  per  unit  area) 

1] 

(T.  . = component  of  force  in  the  Xj  direction  transmitted  across 
the  face  of  the  plate  perpendicular  to  the  xj  direction) 

u^  = mechanical  displacement 

S. . = strain 

ij 

D^  = electric  displacement 
E.  = electric  field 


1 


P 


^ ijkl 


mass  density 
electric  potential 

= elastic  stiffness  at  consUint  electric  field 
piezoelectric  stress  constant 
dielectric  permittivity  at  constant  strain 
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Einstein  summation  convention  (when  a letter  subscript  occurs  twice  in  the 
same  term,  summation  with  respect  to  that  subscript  is  carried  out) 


a.  = )'  T. . q.  = T . q. 

An  index  (subscript)  preceded  by  a comma  denotes  differentiation  with 
respect  to  the  space  coordinate  represented  by  that  index 


u. , . = 9u./9x. 

I’j  ] 

A dot  above  a variable  denotes  differentiation  with  respect  to  time 


“j  ' at 


V U. 

u.  = J 

t ’ ^ ^ 


All  Latin  indexes  have  the  range  1 , 2 and  3 , 

A.  DEVELOPMENT  OF  THE  SECULAR  EQUATION  AND  PROGRAM  CROT 

The  piezoelectric  plate  under  consideration  is  assumed  to  be  represented 
in  an  orthogonal  right  hand  coordinate  system  Xj  with  one  of  the  coordinates  in 
the  plate  thickness  direction. 

The  pertinent  set  of  equations  governing  the  behavior  of  this  plate  are;  l2j 

the  stress  equations  of  motion  derived  from  Newton's  second  law 

T.,,.  = pu.  , (1) 

ij’i  ^ J ’ 

the  equations  defining  mechanical  strain, 

S. . = r (u. , . + u. , . ) , (2) 

ij  2 I’j  j 1 ’ 

the  charge  equation  of  electrostatics  (the  divergence  relation  from  Maxwell's 
equations  in  the  absence  of  free  charge), 

D., . = 0 , (3) 

1’  1 ’ 

the  electric  field -elec  trie  potential  relation  for  a quasi -static  case. 


^k  = *'^'k 
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and  the  linear  piezoelectric  constitutive  relations  characterizing  the  medium, 


T. . = c . , S,  , -e,  . . E, 
1]  ijkl  kl  ki]  k 


°i  " ®ikl®kl  Sk\  • 


Equation  ( 5)  is  Hooke's  law  , extended  to  take  into  account  piezoelectricity; 
Eq.  (6)  is  the  constitutive  relation  for  a dielectric  medium  extended  to  include 
piezoelectricity. 

Substituting  Eqs  . (2)  and  (4)intoEqs.  (5)  and  (6)  yields 

°i  = ®iikVk-4*'k’ 

where  use  has  been  made  of  the  following  symmetry  relations  among  the  ma- 
terial constants  I 3J  , [ 4J  ; 

^ ijkl  ^ ‘^ijlk  " ‘^jikl  " ‘^klij 

e...  = e.,  . ( 9) 

ijk  ik] 

e..  = e.. 

iJ  ]i 

Equations  (7)  and  (8)  can  be  substituted  in  Eqs.  (Dand  (3)  to  yield 
E 

T. = c . , u,  + e,  . . 0,,  . = pii.  (10) 

ij’i  ijkl  I’ki  kij  kl  j 

D. , . = e.,.  u,, , . - e^.  0, , . = 0 (11) 

I’l  ilk  1’ kl  ik^’ki 

Assuming  a wave  propagating  in  the  i^  direction  (the  plate  thickness 
direction)  with  electric  potential  applied  in  the  same  direction,  and  that  there 
is  no  dependence  on  the  other  two  directions,  q,  j=  q,jj  = 0.  Equation  (11) 
can  be  solved  for  0 ; 


ii  " S “I’ii 


This  equation  can,  in  turn,  be  substituted  into  Eq.  (10)  to  yield 


^ ijli  ^ ®iij 


u^,.i=pu. 
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It  is  convenient  to  write  this  equation  as 


"ijki  Vii=^“j  ’ 


where 


-E  E 

c . = c . + e.. . 
ijki  ijh  iij 


) 


(14) 


(15) 


are  the  "piezoelectrically  stiffened"  elastic  stiffnesses  at  constant  normal 
electric  displacement  and  constant  tangential  electric  field. 

If  Uj  takes  the  standard  time  factor  form,  and  is  only  a function  of 

the  coordinate,  Xj,  in  the  thickness  direction,  then 


u.  = u.  (x.  ;t ) = u.  (x.  , 

J J 1’  1 1 

and  Eq.  (14)  becomes 

— E 2 

c . . u,  (x. ), . . = -p  u>  u.  (x. ) 
ijki  k i 11  j 1 


or 


c ^ . u,  (x. ), . . + p u.  (x. ) = 0 . 
ijki  k 1 11  J 1 


(16) 


(17) 


If  it  is  further  assumed  that  uj^(Xj)  represents  plane  waves  traveling  in 
the  Xj  direction  with  wave  number,  t),  so  that 


u.  (x. ) = u.  (^  .)e^^  , (18) 

J 1 J J 


where  icj  indicates  only  that  the  direction  of  uj  is  along  the  xj  direction,  the 
equations  in  ( 17)  are 


— E , 2 -A  , , 2 ,A  , 

C . ( -T]  u,  (x,  ) ) + pu)  u.  (x.)  = 0 . 

ijki  ' k k ^ J J 

It  is  convenient  at  this  point  to  define 
2 


c = 


pu) 


n 


(19) 


(20) 


then  Eq.  (19)  becomes  Eq.  (21)  where  the  direction  indicator,  xj^,  has  been 
dropped  since  it  is  now  known  that  uj^  lies  in  the  Xj^  direction  and  that  i must 
take  on  the  value  corresponding  to  the  propagation  direction  Xj, 


-E 

c . , . u, 
ijki  k 


(21) 
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This  expression  can  be  written  in  a clearer  form  by  introducing  the 
Kronecker  delta,  defined  by 

(i=j) 

(i;^j)  . (22) 

Then  Eq.  (21)  becomes 


(c  . - c6  .,  ) u,  =0 
ijki  jk  k 


(23) 


Cramer's  rule,  applied  to  this  set  of  equations  for  the  uj^  displacement 
proportionality  constants,  shows  that  non -trivial  solutions  can  exist  only  if 


- E , 

C . . -CO., 

ijki  ]k 


= 0 . 


(24) 


Equation  (24)  is  commonly  referred  to  as  the  characteristic  or  secular 
equation  for  the  allowed  modes  of  vibration. 


The  whole  purpose  of  this  exercise  is  to  show  that  the  equations  and  re- 
sults to  be  developed  later  are  not  dependent  on  any  particular  choice  of  the 
coordinate  lying  in  the  thickness  direction  of  the  piezoelectric  plate . The  form 
of  the  equations  remain  the  same;  only  the  constants  change  in  value. 

From  now  on  only  plates  with  X3  lying  in  the  thickness  direction  will  be 
considered.  For  this  case  the  equations  in  Eq.  (23)  become: 


3113'*^^  Uj  + c 3J23  ^^2  ^ ^ 3133  “3  ^ 

^3213'^!^  3223  “2  3233  ^^3  " ® (25) 

^ 3313  “1  ■^‘^3323  “2  ^ 3333  ’C)  Ug  = 0 , 

which  can  be  simplified  by  using  the  symmetry  relations  in  Eq.  (9). 

In  order  for  non-trivial  solutions  of  these  equations  to  exist,  it  is  neces- 
sary that  the  determinant  of  the  coefficients  of  the  u's  be  equal  to  zero,  as  shown 
in  Eq.  (24).  Equation  (24),  or  its  explicit  counterpart  from  Eq.  (25),  is  a 
cubic  equation  in  c,  of  the  form, 

c^  + qc^  + rc  + s = 0 . (26) 

The  first  task  in  the  quest  for  a multi -mode  plate  model  is  to  solve  Eq. 
(24).  However,  in  deriving  Eq.  (24),  a tacit  assumption  has  been  made.  The 
derivation  assumes  that  piezoelectric  material  constants  are  known  values  in 
the  coordinate  frame  assigned  to  the  plate.  Unfortunately,  this  is  not  usually 
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the  case.  When  measurements  are  made  on  piezoelectric  crystals  the  tensor 
components  of  the  material  constants  are  specified  in  terms  of  a rectangular 
set  of  coordinate  axes,  which  coincide  with  the  crystallographic  axes  of  the 
material,  insofar  as  this  is  geometrically  possible. 

In  crystallography,  they  talk  about  the  a,  b,  c axes  of  the  crystal;  these 
axes  are  parallel  to  the  edges  of  the  unit  cell,  which  is  the  parallelepiped  out  of 
which  the  crystal  can  be  constructed.  These  a,  b,  c axes  may  or  may  not  be 
mutually  perpendicular.  The  IEEE|  5 J has  established  a standard  for  associating 
a rectangular  set  of  X,  Y,  Z axes  with  the  crystallographic  a,  b,  c,  axes,  for 
each  of  the  seven  systems  into  which  crystals  are  commonly  classified,  de- 
pending on  their  degree  of  symmetry.  These  seven  systems  are,  in  turn, 
divided  into  point  groups  or  classes  according  to  their  symmetry,  with  respect 
to  a point.  There  are  thirty -two  of  these  classes  but  only  twenty  of  them  ex- 
hibit piezoelectric  properties . It  is  this  system  and  class  notation  that  deter- 
mines which  of  the  possibie  material  constant  components  are  non -zero. 

The  orientation  of  a crystal  plate  in  terms  of  the  rectangular  X,  Y,  Z 
axes  is  specified  in  the  IEEE  standards  by  means  of  a rotational  symbol  of  the 
form  (A  B a b c)  <t)/0/f,  where 

A is  the  initial  direction  of  the  plate  thickness  before  rotation, 

B is  the  direction  of  the  plate  length  before  rotation, 

a = t,  1,  or  w depending  on  which  direction  is  the  axis  of  first 
rotation, 

b = t,  1,  or  w depending  on  which  edge  is  used  for  the  second 
rotation,  and 

c = t,  1,  w according  to  the  edge  used  for  the  third  rotation. 

<t,  G,  t indicate  the  corresponding  rotation  angles  with  sign  where  a 
positive  angle  is  a rotation  counterclockwise,  looking  toward  the  origin  from 
the  positive  end  of  the  axis  of  rotation . This  positive  end  of  the  axis  of  rotation 
is  the  end  that  initially  pointed  in  the  positive  directions  of  X,  Y,  Z.  In  this 
rotational  symbol  only  as  many  specifications  are  used  as  are  needed  to  com- 
pletely specify  the  plate  orientation.  Unfortunately,  people  have  a tendency 
(in  the  literature)  to  use  names  for  various  crystal  cuts  such  as  AC -cut  quartz 
or  AT -cut  quartz,  or  they  refer  to  them  by  names  such  as  35-1/4°  rotated  Y- 
cut,  without  supplying  the  rotational  symbol.  In  this  example  AT -cut  quartz 
and  a 35-1/4°  rotated  Y-cut  of  quartz  are  the  same,  with  a rotational  symbol 
( YXl)  35-1/4°. 

There  are  also  left  and  right-hand  crystals,  which,  in  the  case  of  quartz, 
leads  to  different  numerical  values  for  some  of  the  material  coefficients. 

It  is  assumed  now  that  we  know  the  orientation  of  the  pLite  under  considera- 
tion in  Eq.  (25),  relative  to  the  standard  X,Y,Z  reference  frame  for  the  plate 
material;  hence  we  are  ready  to  obtain  the  required  material  coefficients.  Now, 
another  confusion  factor  presents  itself.  The  usual  way  of  listing  material 


j 

■i 

■i 

i 

•1 


i 
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coefficients  is  in  a two -subscript  (or  less)  notation  rather  than  the  tensor 
notation  used  to  develop  Eq.  (25).  The  conversion  to  this  two-subscript,  or 
engineer  notation,  from  the  four  subscript  tensor  notation  is  shown  in  Table 
3-1[3]  . Furthermore,  the  tensor  symmetry  relations  shown  in  Eq.  (9)  reduce 
the  81  possible  combinations  for  the  elastic  stiffness  constants  to  a maximum 
of  21,  the  27  possible  combinations  for  the  piezoelectric  stress  constants  to  18, 
and  the  nine  possible  dielectric  permittivities  to  a maximum  of  six.  Tables  3-2 
and  3-3,  respectively,  show  the  tensor  coefficients  and  their  engineering  counter- 
parts for  the  stiffness  and  piezoelectric  stress  constants.  The  tensor  and  engi- 
neer forms  of  the  dielectric  permittivity  are  identical;  the  only  reduction  taking 
place  is  that  = e^ji. 

TABLE  3-1.  CONVERSION  FROM  TENSOR  TO  ENGINEERING  NOTATION 


^pq 

®ikjP  ^ ®ip 

T..  ^T  ;S..=S  when  i = j,  p = 1,2,3 
1)  P 1)  P j,  . . 

2S..  = S when  i ^ p = 4,  5,6 
ij  p 

L ^ 2,  3 

P,q  =1,2, 3, 4, 5, 6 


i]  or  kf 

p or  q 

11 

1 

22 

2 

33 

3 

23  or  32 

4 

31  or  13 

5 

12  or  21 

6 

This  means  that  the  matrices  of  the  material  coefficients  of  interest  in  this 
program  will  take  the  form  shown  in  Figure  3-la  for  the  most  general  piezoelec- 
tric material.  In  this  case  there  are  45  different  non -zero  coefficients.  Figure 
3 -lb  shows  the  same  matrices  for  quartz,  which  was  used  in  the  theoretical 
investigations  of  this  contract.  In  this  case  only  14  non-zero  different  coeffi- 
cients are  present  and  some  of  these  differ  only  in  sign. 

Figure  3-2  shows  a general  form  of  the  coordinate  rotation  problem  about 
a common  origin.  We  assume  the  material  coefficients  are  known  in  the  old 
xj,  Xo,  X3  (XYZ)  system,  and  that  the  ph.tc  under  consideration  in  Eq.  (25)  is 
oriented  with  the  plate  thickness  direction  in  the  X3  direction  of  the  new  coordinate 
system,  x'l,  X2,  x3  . 
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[■ 

i 

i 

TABLE  3-2. 

RELATIONSHIP  OF  TENSOR  STIFFNESS  COEFFICIENTS 

TO 

! 

i 

ENGINEER  COEFFICIENTS  C 

C = C 
pq  qp 

ijkf 

c - r 

ijfk  jikf 

Sf  ij 

^1111 

^1112 

^1113 

‘^1121 

c 

1122 

^1123 

^1131 

^1132 

^1133 

^11 

^16 

^5 

^16 

^12 

^14 

^15 

^4 

^13 

^1211 

*^1212 

*^1213 

^1221 

^1222 

^1223 

^1231 

^1232 

^1233 

C „ 

c 

C „ 

c„„ 

C „ 

c,„ 

c„„ 

16 

66 

56 

66 

26 

46 

56 

46 

36 

^1311 

^1312 

*^1313 

^1321 

^1322 

^1323 

^1331 

^1332 

^1333 

^15 

^56 

Ss 

^6 

^25 

C.r 

45 

C55 

^45 

c 

^35 

‘^2111 

^2112 

Sll3 

^2121 

^2122 

S123 

Sl31 

^2132 

Sl33 

^16 

^66 

S6 

S6 

^26 

^46 

^6 

^46 

c 

^36 

^2211 

^2212 

^2213 

^2221 

^2222 

S223 

S23I 

^2232 

^2233 

^12 

^26 

*^25 

^26 

S2 

S4 

S5 

S4 

*^23 

^2311 

^2312 

S313 

^2321 

S322 

^2323 

S33I 

^2332 

S333 

^14 

^46 

C45 

^46 

S4 

Caa 

44 

45 

S4 

c 

'"34 

‘^3111 

^3112 

^3113 

^3121 

^3122 

^3123 

^3131 

^3132 

^3133 

^15 

c 

^56 

^55 

^56 

^25 

C.c 

45 

^55 

<^45 

^35 

^3211 

^3212 

^3213 

^3221 

^3222 

^3223 

^3231 

^3232 

^3233 

^14 

^46 

C.c 

45 

^46 

S4 

Caa 

44 

C.r 

45 

C44 

S4 

^3311 

^3312 

^3313 

‘^3321 

^3322 

^3323 

^3331 

^3332 

^3333 

^13 

c 

^36 

^36 

c 

'"23 

3-8 

S4 

S5 

S4 

^33 

r 


TABLE  3-3.  RELATIONSHIP  OF  TENSOR  PIEZOELECTRIC  STRESS  COEFFI- 
CIENTS TO  ENGINEERING  COEFFICIENTS  e...  = e.,  . 

i]k  ik] 


'ill 

®112 

"113 

®121 

"122 

"123 

"l31 

"l32 

"133 

11 

"16 

"15 

"16 

"12 

"14 

"15 

"14 

"13 

211 

®212 

®213 

®221 

®222 

"223 

"231 

"232 

"233 

21 

"26 

"25 

®26 

®22 

"24 

"25 

®24 

®23 

311 

®312 

®313 

®321 

®322 

"323 

"331 

"332 

"333 

31 

"36 

"35 

"36 

®32 

"34 

"35 

®34 

®33 

By  considering  the  scalar  or  dot  product  of  the  unit  vectors  i,  j,  k,  in 
the  old  coordinate  system  with  the  unit  vectors  i',  j',  k'  in  the  new  coordinate 
system  the  following  relationship  can  be  determined. 

The  coordinates  of  any  point,  P,  with  respect  to  the  new  axes  are  given, 
in  terms  of  the  coordinates  of  P in  the  old  axes,  by  the  following  relations; 

X^  = cos  Oj  Xj  + cos  (Jj  X^  + cos  Vj  Xg 

X2  = cos  Xj  + cos  X2  + cos  Xg 

Xg  = cos  Og  Xj  + cos  X2  + cos  >3  Xg  (27) 

It  is  more  convenient  to  represent  Uiese  direction  cosines  b\  the  symbols 

1,  m,  and  n where, 

1 = cos  o 

P P 

m„  = cos 
P P 

n,-  = cos  > . (28) 

P p 
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A.  Most  General  Crystal  (Triclinic)  Class  1 


Figure  3-1.  Matrices  for  Coefficients  of  Piezoelectric  Materials 
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Figure  3-2.  Rotation  of  Rectangular  Axes  About  a Common  Origin 


Then 


Xj  = Ij  Xj  + nij  X2  + Hj  Xg 

*2  ""  4 *”2*2  "2^3 

Xg  = Ig  Xj  + nigXg  + HgXg  , (29 

while  the  coordinates  of  the  point,  P,  with  respect  to  the  old  axes  are  given  in 
terms  of  the  coordinates  of  P in  the  new  axes  by 


= IjX' 

^ ^2  *2  ^ ^3  ^3 

^^2 

= m^Xj 

+ nig  Xg  + mg  Xg 

^3 

= njx' 

(30) 

From  these  equations  we  obtain; 


axi 

ax^ 

1 

ax^ 

axj^ 

= ^2 

axi 

9Xj 

axj  ' 4 

a Xj 

axj 

- ax’ 

ax'j 

ax2 

ax^ 

3X2 

ax' 

ax2 

'^2 

ax^ 

ax2 

ax' 

= nig 

ax2 

ax^ 

axg 

^"2 

^"3 

axg 

' ax’j  "i 

axg 

= "2 

The  general  tensor  transformation  for  a tensor  of  rank,  n,  from  the  x 
coordinates  to  the  x'  coordiruites,  is  given  by  Mason  [6]  , as, 


kl  ■ ' ■ kn 


■ ■ jl  • • -jn 


In  order  to  determine  the  material  coefficients  of  concern  in  this  program 
it  is  only  necessary  to  deal  with  coefficients  of  the  fourth  rank  and  below . 

If  Cj'jkii  represent  the  desired  coefficients  in  the  new  reference 

frame  , Xg  ),  and  einm'  ^kl  represent  the  known  coefficients  in  Uie 

old  reference  frame  (xj,X2,X3),  Eq.  (32)  hikes  the  form  shown  for  each  of  the 
coefficients: 
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1 


I 


I 


c.' 


e; 


f _ 

ax.' 

1 

ax' 

ax| 

ijkl 

ax 

m 

ax 

n 

ax 

O 

t _ 

ax.' 

1 

ax! 

J 

^"k 

p 

ijk  - 

ax^ 

ax 

m 

ax 

n 

Imn 

? „ 

ax' 

1 

ax! 

f 

ij 

ax^ 

kl  • 

mnop 


(33) 


It  is  more  convenient  to  use  the  equivalent  expression  shown  in  Eq.  (31)  and  to 
place  these  direction  cosines  in  a matrix  array  A, 


’^11 

^12 

^13' 

mi 

"1' 

[aj  = 

^21 

^22 

^23 

= 

^2 

"’2 

"2 

^31 

^32 

^33 

^3 

m3 

"3 

(34) 


In  this  terminology  Eqs.  (29),  (30),  and  (33)  become,  in  tensor  notation. 


X.  = a X 
I ij  J 

X.  = a.,  x' 

I Ji  J 


c'  , , = a,  a.  a,  a,  c 
ijkl  im  jn  ko  Ip  mnop 


e , = a.,  a.  a,  e, 

ijk  il  jm  kn  imn 


e'  = a , a , 6,  , 
ij  ik  jl  kl 


(35) 


The  program  for  carrying  out  this  transformation  of  the  material_coeffi - 
cients,  and  for  determining  the  piezoelectrically  stiffened  coefficients, c 
in  the  secular  equation  (Eq.  24)  is  listed  in  Table  3-4.  This  program  was 
written  for  operation  on  the  Honeywell  Information  Systems  series  6000/600 
computer,  as  installed  at  the  General  Electric  ESD  facility  in  Syracuse,  in  the 
Y FOR  mode  of  time-sharing  operation.  However,  most  of  the  statements  are 
standard  Fortran  IV  and,  hence,  should  be  adaptable  to  any  similar  computing 
system . 

An  attempt  was  made  to  make  the  program  self-explanatory  but  the  fol- 
lowing observations  will  help. 


Line  10  is  a first  line  run  command  and  is  not  required.  Lines  150  through 
262  arc  the  elastic  stiffness  constants,  piezoelectric  stress  constants,  and 
dielectric  permittivities  in  the  primary  (unrotated. cir,XYZ)  reference  frame. 

For  the  program  illustrated  they  are  Bechmann's  ' ' values  for  left-hand  quartz. 

The  order  of  input  is  that  for  the  triclinic  crystal  shown  in  Figure  3-1.  The 


! 


)| 
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TABLE  3-4.  LISTING  OF  PROGRAM  CR0T  FOR  THE  TRANSFORMATION  OF 
PIEZOELECTRIC  COEFFICIENTS  AND  GENERATION  OF  THE 
ELEMENTS  IN  THE  SECULAR  EQUATION 


10**  kunh-04=  CL;0Kt;=i>ki) 

lOOC  PR0GRAM  T0  TRANSF0RM  THE  COEFFICIENTS  0F  THE  PIEZOELECTRIC 
lOIC  CONSTITUTIVE  EQUATIONS  FROM  ONE  SET  OF  COORDINATES 
102C  T0  A ROTATED  SET  0F  COORDINATES 
111)  INlEGtK  0,  P 

120  UI  MENSl  0N'GC2  1 ) 6>  .UGGG(  J.  J.J.J). 

110  UlME'JblON  0 f 2 I ) . CGC6, 6>  . CCGC(  ,1.  G.  ,1. 3)  , AC3. 3> 

132  uMtMSION  PS(  IRl  . Pbl  (3,  3,3> 

134  DIMENSION  fc.(  l«>  t l-Lfe.  (3. 3. 31 
136  DIMENSION  DP< 6 ) . DP  I ( 3. 3 1 
13‘1  DIMENSION  EPS(6)  f EPS1  ( 1, 31 
139  ul MENS  I ON  CBt 3, 3> 

MO  DAM  I a/ 1 , 6.  S.  6. 2.  4.  s.  4. 3 / 

ISIIG  BECHMANN’S  values  for  LEFT  HAND  QUARTZ 

1S9U  HE  ELASIIC  SIIKKNESS  CONSTANIS 

160  Gf 1 1=B6. /4E9 

162  3(21=6. 99E9 

164  3(31= 1 1 .9 1 E9 

166  3(41=- 1 7 .9 1 E9 

I6«  3(S1=0. 

17  0 G ( 6 1 = 0 . 

172  3(7 1=36. 7 4E9 
1/4  11(91=  I 1 .9  Ih  9 

1 / 6 3 ( 9 H I 7 . 9 I E9 
1 /a  1(101=3. 

190  3(11 1=0. 

192  (1(121=107 .2L9 
19  4 3 ( 1 3 1 = 0 . 

196  3,  ( 141  = 0. 

199  (1  ( 1 SI  = 0. 

19(1  G ( 1 61  = S / .94E9 
192  1(17 1=0. 

194  (K  191  = 0. 

196  3( I91=b/ .94E9 

199  3(201  = - I 7 .9  I E9 

200  1 (2 1 1 =39.h«E9 

2100  ME  PIE'OKLECIRIC  3 I KESs  CONSIANTS 
212  PS( 1 1=0. I / I 
214  Pb(21=-0.|71 
216  Ps(31=0. 

219  Ps(41=-0.0406 

220  Pb(bl=n. 

222  PS (61=0. 

224  PS( / 1=0. 

226  Pb(91=0. 

229  PS(9  1a(). 

230  PS( 101=0. 

2 12  PS(  1 1 1 = 0.0  406 
234  Pb(  I 21 =-0.  1 7 1 
236  Pb( 131=0. 

239  PS ( 1 41 =0. 

240  Ps( I S1=0. 

242  PS( 161=0. 

244  Pb( I / 1 =0. 

246  PS( 191=0. 
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TABLE  3-4  (Cont’d) 

THt  UltLtClKlC  PEHMI TTIVI Its 
iJSlri  UPC  n = 39.2lE- 12 
2S4  UPC2)=n. 

2S6  UPCJ)»0. 

2SP  L)P<4)»J9.iilE- 12 
260  UPCS)=0. 

262  UPC6)=4I .Ojt- 12 

JOOC  X.j  IS  19  Ht  r-II0'<9ESS  UIKtCIlBN 
J10C  IHIS  IS  AI  CUI  QUAKf^  CrxDrMtrA 
320  lHtIA=0S.2S 
360  PI=3. 141S926 

369C  Htst  AkF:  UlKtUri«9  CBSiNtS  HtlWttV  9EW  AVIJ  0LL  AXES 
3/0  KL  I = I . 

3S0  K'llrO. 

390  K9|30. 

40n  KL2=0. 

410  K'12=SI  9C  HEI  A*PI /140.  ) 

420  P92=-C0sCTMtIA*pl /mo.  ) 

430  KL3=0. 

440  KM3=-Ki92 
4S0  KI93XKM2 
46  0 AC  1 , 1 ) = kL I 
4/0  AC  1 . 21 

4«o  AC  I , :n  = K9 1 
490  AC2.  1 > =KL2 
SOO  AC2.2)  = k'^2 
SIO  AC2.  3)  = r(92 
S20  AC  3.  1 >=kL3 
S30  AC3.2)  = x.'^3 
S40  AC3.3>  = KN.l 

6000  C0\9tnl  I HE  2 1 EL  A.-,  TIC  C09SIAi9TS  li  ( I)  1910  f9GI9EEKl9(; 
6010  901AfI0N  r,0(vi,M) 

610  9=0 

620  00  10  1=1,6 
630  UO  10  1=1.6 

640  9=9*1 
6S0  OOCI  . n=G(  9I 
66  0 00 c 1, 1 ) = ooc  1 ,.n 

6/0  10  0 091  I 9UE 

6H0C  C09VEK1  KK0M  t9019EEKl'9G  90141109  GGC^i.NI  1910 

6H1C  IK9S0K  901  All  09  GGGG C 1 . I , K , L 1 

690  uO  20  1=1.3 

/ 00  U0  20  3=1.3 

/ I 0 UO  20  ><=  I , 3 

/20  U0  20  L=  I . 3 

/ 30  M= I AC  I , n 

/40  9=IA(H,L) 

/SO  GGUJCI,  l,•<,L>=GGC9,9) 

/60  20  0091 1 9UE 

//OC  OOHPUIE  THE  O0MP09E91S  0h  I HE  HOIATEU  9ATHIX 


/AO 

00 

40 

1=  1 

/ 90 

UO 

40 

1=  1 

• J 

900 

00 

4 0 

<-  1 

» ^ 

A 1 0 

00 

40 

L»  1 

, 3 

A20 

CCCC  C I 

, 1, 

K,l 

A30 

00 

30 

9=  1 

. 3 

A 40 

00 

JO 

9=  1 

. 3 

ASO 

00 

3 0 

0=  1 

. 3 
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TABLE  3-4  (Cont'd) 


>^60  09  30  P«l«3 

K/ 0 CCCCf I.  i. K*L>>A(I .M)*Af  I. N)*A(K<  0) « A(L # P) *0GGG ( M. H, 0. P> 

A7 Ift  ♦CC0C(1.J.K,L> 

KAO  JO  C0NUNUE 
K90  .Ka  1 A(  1 ,,J> 

900  N-IACA.L) 

910  CCfM.N)aCCi:C(  I . I.K.L) 

9^0  40  CONTINUE 
970  PKINT  900 
9R0  PKINT  910 

990C  C0NVEK!  BACK  10  OH  I A I N THE  21  KOTATEU  ELASTIC  CONSTANTS  C(t> 
1000  NaO 

1010  00  SO  1=1.6 

1020  bO  SO  t=1.6 

lOJO  NaN*l 

1040  C C N)  aCC<  I . ,1) 

lOSO  HKINI  920. N, GC N> , C(N) 

1060  SO  CONI INUE 

IIOOC  CmolLHl  HE  IK  Plt^OELECINlC  STKESS  CONSTANTS  PSfN) 

IIOIC  INIO  IENjOk  NOIAIION  PSlCI.J.K) 

1110  L»0  60  I a 1 . J 
1 120  00  60  J= 1 . J 
1 I JO  00  60  Ka  1 , j 
1140  K=  I A(.|.  K)  + ( I - 1 >*6 
1 ISO  PST( I.  I.KlaPSCK) 

1160  60  CO.NT  I NUE 

I170C  CONPUIE  HE  COMPONENTS  0h  THE  N0TAIEO  MATRIX 

1 I A 0 0 0 K 0 I = 1 . J 

1190  O0  KO  J=  1 , J 

1200  00  KO  <=1.3 

1210  EEEC 1 .1. K )=0. 

1220  OO  70  L= 1. J 
1230  OO  70  M= 1 . 3 
1240  00  70  Na 1 , 3 

12S0  EEEfl.  I.K)aA( 1 .L)*A(  I . N 7 * A( K . N> • PS  1 7 L . M. N ) ♦ EEE  ( I . I , K 7 
1260  70  CONIINUE 

12/OC  CONVEkI  hack  10  OBTAIN  I BE  IK  K0IAIEO 
I271C  PIE;^0ELEC1NIC  SIKESS  C0NSIAN1S  E<n 
12K0  Ma I A(  I, K >♦ f 1 - I )*6 
1290  E(N>ak.EEt  I . J.K) 

1 JOO  KO  CONI  INUE 

1310  PH  INI  9 JO 

IJ20  PKINI  910 

I JJO  oO  9 0 Na  1 . IK 

IJ40  PhINI  920,  N,  PS(N).  E<N) 

IJSO  90  C0.NIINUE 

I400C  CO.NvEhI  IBE  6 oIELECIhIC  PEHM  1 T T 1 V I T 1 ES  UP<N) 

140IC  INTO  TENbOH  NOIAIION  OPTCI.n 

1410  .Na() 

1420  00  100  1=1, J 
I 4J0  O0  100  1=  I , 3 

1440  N=N*1 
I4:>0  OPI  ( 1 , DaOPtNI 
I 460  OPI  7 1,1  >aUPI  7 I , n 
147  0 100  oON I I NUE 

I4K'II,  COMPUTE  IBE  COMPONENTS  OE  I BK  hOIATEO  MATWlX 
I 490  00  120  I a 1 , J 
ISOO  oO  120  lal.J 
ISIO  EPSl  < I , 17  = 0. 


i 
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TABLE  3-4  (Cont'cD 


L»l?t  1 10  Ks  1 , 
lb JO  00  1 10  U= 1 . 3 

lb40  LPS  I ( I . J>  = AC  1 , •<)*  >(  J.DkUPI  ( -<.L)  + fc.HbI  ( I . .n 

1 bbO  1 1 0 COM  I I 'JUt 

Ib60  IPO  (JO'JI  INUt 

lb?0  PKINl  940 

IbSO  PKlMl  910 

lb900  CO'IVti.I  bACK  TO  0H1AI9  T Ht  6 kOIATEU  UIELKCTKIC 
lb9  1G  PEkMI  I 1 I VI  1 Itb 
1600  N=0 

1610  00  130  1= 1 .J  I 

I6P0  U0  130  .1=1.3  -i 

16J0  N=:N+I  I 

1640  KPb(9)=t;PJl  < I .J)  j 

16bO  PKINI  9P0»  9,  OPfNT,  tPbCM) 

1660  1 JO  C0.91  INUt 

1/00  90il  h OkMAI  ( 1 4>(,  • ME  EI.AbllC  bllrrMESS  GtaxJ'S  T AM  1 S A-,E'.//1 

1/10  910  i- Of^MAl  ( 1 1 X.  • M' , AX.  ' rfth  0Pt  K 0 1 A 1 I 0 M * , 7 X . ' AK  T E K KOMIOM'I 

1/20  9P0  P O^MAI ( I 1 X,  I p, JX, t I b. 9, 6X. fc I b.S > 

1/JO  9J0  KOKMAl  ( /,  1 JX,  • IHE  P 1 E P 0P.LKG  I K I G blhESb  COMSTAMIS  ASE’.//7  ; 

1/40  940  P OriMAl  ( /,  1 bX.  • HE  UlEI.LGlKli;  PEKM  11  I 1 V I T 1 E b A9E',//) 

l«10G  HIS  PAbl  uses  He  KeiATEU  VALUES  T0  CALCULATE  HE 

1911C  srinpEMtU  MAHIX  ELEMEMIS  IM  HE  SECULAp<  EQUATIOM 

IHIPG  Op  he  EO.v'I  C H ( J . K ) - UEL  I A ( J . < ) *C=  0 

lAIbC  H HE  P0LL0-J1M3  I kEPpvESENIs  HE  C00KOIMAIE  IM 

IH16C  IHe  HICKiVtbb  ul  nhlCI  I 0>/.  l.t.  P OK  XJ  I=J 

HiiO  I = J i 

19  JO  U0  140  .J=  1 . J 
1K40  UO  140  ><=1,3 
19b0  GB(  I,  97  = 0. 

19  60  CH(,I,  K>  = CGCCC  I , I.  ■<.  n pELEf  I , I , D + EEtC  I , I . <1  /EPSTC  I , I ) 

19/0  140  CUMl IMUE 
1990  PKIiMl  9b0.  1 
1990  PKlMl  960 

1900  PKlMI  9/0.  ( (CBCX.  11.1=  1 , J7.'<=  1 , J> 

1910  9b0  Ke-^MAK /.  • K0K  X'.ll.*  1 M HE  HICXMESS  L)HECri0M’i 

1930  960  P'OkMAI  C/.  lOX.  • HE  ELEMEMlb  IM  HE  SECULAR  EQUATI0M  AKE'I 
19J0  9/0  p■0l^•9AT( /.  3X.  E 1 b.9.  6X.  E lb.9.  6X,  E I b.9) 

19bOC  HESE  CH(I..I)  values  IM  IUKM  CAN  HE  USEO  T0  CALCULAIE 

|9blCHE  G0EEE1C1EM1S  Op‘  THE  CUBIC  EOUAI10M  IM  C 

19bbC  IK  C**3+0*C**3+k*g+s=0  hem  IM  TEKNS  0K  C8{I..n 

I96  0 U = -<CH(1.  l)+Cfc)(3.3HG8(J.J>1 

19/0  K=Cbca.3i*(Gb(j.j)*ci9(  1.  niPCHti.  n*cb(3.3> 

199  0*  -(Cb(3..n*C0(J.21<-CB(l,3)*Cb(2.n*CB(3.11*CH(1.3>1 
1990  SaCbfP.  n*fG H (I. 3)*CbCJ. J)- C 0(1.3 14 GH <3.27) 

2000*  ♦CB(2.21*(C9(l,3)*CbC3.n-CH(|,l)*CH(3.J>1 
2010*  *08(2.3) * <CH(3. 2)*CB< 1 . 1 ) -CH ( I , 2 ) *08 ( 3.  1 ) ) 

2020  PKIMI  990 
20J0  PkIMI  990.0 
2040  PkIMI  99  1.1V 
20b0  PKlMl  992. S 

2060  990  K0iv'1Ar(bX.  • I M C**3  ♦04G**2  ♦ K*C  ♦ S =0') 

20/0  990  P OKMAI (9X. • 0= • . E I b.9) 

2090  99]  K 0K9AI (9X. • K= • , El b.9 ) 

2090  992  P 0k9A| (9X, •S= • .Elb.9) 

JOOOC  P 0K  USE  I M CALCULAIIMG  HE  COllPLIMli 
JOOIC  G0EPPIG1EM1S  AMU  GAPAClIAMCE  WE  MEED 
J002C  HE  P0LL0WIMG  VALUES 
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TABLE  3-4  (Cont'd) 


JO  10  PKI.'^r  99  b 

JO^O  PKINI  996,  <tEE(l  . 1 . J" 

3030  PKlNT  997 

3040  PKINI  99fl,EPSr(I.n 

30b0  99b  KBkMAI ( /, 2X.  • I ME  APPHOPkIATE  PI E? 0ELEC TK I C *, 
30blt  'STKEbb  C0.VbTA,Mlb  Ah<E*) 

3060  996  h 0KMAI  C /,  1 OX,  • E(  n a ' , E 1 b • « . /.  1 OX, 

30614  'Efi?)  = • . E I b.  «, /I  OX,  • E(3>  a ^Elb.A,/) 

30/0  997  E0KMAI  f /,  iJX,  • 1 HE  APPHOPKIAIE  OlELECTklC  ', 
30714  •PEHMIIIIVIIY  lb') 

30A0  99M  EOKMAf C/, lOX, 'EP  = ',Elb.M) 

3090  blOP 
4000  ENU 


matrices  are  inputted  by  rows,  and  only  elements  that  have  not  been  previously 
defined  are  entered.  This  input  data  arrangement  is  shown  in  Table  3-5.  Lines 
300  through  430  specify  the  plate  orientation  in  terms  of  the  direction  cosines  m 
Eqs.  (28),  (29),  and  (34). 

The  transformation  matrix,!  lines  730  and  740,  loaded  as  shown  in  line 
140,  follows  Table  3-2.  The  input  at  line  1820  desigiutes  the  coordinate  Uiat 
lies  in  the  pLxte  thickness  direction;  tlie  appropriate  coefficients  in  the  secular 
equation  are  calculated  as  well  as  tlie  appropriate  piezoelectric  stress  consUints 
and  dielectric  permittivity  for  Uiis  orientation  of  the  pLite. 

A printout  of  Uie  results  of  tliis  program,  using  AT-cut  quartz  as  tlie  plate 
material  with  X3  in  the  thickness  direction,  is  shown  in  Table  3-6. 

To  switch  material  it  is  necessary  to  change  statements  150  to  262.  To 
change  orientations  it  is  necessary  to  change  line  300  to  450,  and  line  1820. 

Table  3-7  shows  these  changes  and  a printout  for  AT-cut  quartz  with  X2  in  tlie 
thickness  direction.  These  particular  values  check  with  tliose  given  by  Tierstenl'^l  . 

B.  SOLUTION  OF  THE  SECULAR  EQUATION  AND  PROGRAM  SYMEIG 


As  a result  of  tlie  output  of  tlie  CROT  program  we  have  numerical  values 
for  the  c coefficients  in  Eqs.  (23)  and  (24),  in  general,  or  in  Eq.  (25)  for 
the  plate  Ifiickiiess  direction,  restricted  to  lie  in  Uie  X3  direction.  We  also  know 
tlie  values  of  the  coefficients  of  c in  Eq.  (26).  Since  the  array  of  c^^jl^,  coeffi- 
cients is  a synimetrical  matrix  array  with  real  coefficients,  tlie  characteristic 
numbers  or  eigenvalues  of  tlie  .secular  equation  will  be  real.  It  also  turns  out 
that  tliey  will  be  positive  since  tliis  is  a positive  definite  matrix. 


Thus,  the  solution  of  Eqs.  (24)  or  (26)  will  yield  three  real,  positive 
roots,  c**\  from  which  three  real  wave  numbers,  can  be  obtained  from 

Eq.  (20)  for  a specified  value  of  ui . If  these  values  of  c^‘'  arc  substituted  into 
Eqs.  (23)  or  (25),  a set  of  ratios  among  the  n*‘{^  amplitudes  can  be  determined 
for  each  value  of  c**’.  These  ratios  can  then  be  used  to  construct  a new  ref - 
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TABLE  3-5.  INPUT  DATA  ARRANGEMENT 


Elastic  Stiffness  Coefficients 


Input 

Symbol  (N) 

Output 
Symbol  (N) 

Engineering 

Equivalents 

Tensor 

Equivalents 

G(l) 

C(l) 

Si 

^1111 

G(2) 

C{2) 

^12  " Si 

^1122  " S211 

G(3) 

C(3) 

^13  " Si 

^1133  " ^3311 

G(4) 

C{4) 

^14  " Si 

^1123  " ^1132  " ^2311  " ^3211 

G(5) 

C(5) 

S5  = Sl 

^1113  " *^1131  " ^1311  ^ Sill 

G(6) 

C(6) 

^16  = Si 

c = c - c - c 

^1112  ^1121  ^1211  '^2111 

G(7) 

C(7) 

^22 

^2222 

G(8) 

C{8) 

S3  " S2 

S233  " S322 

G(9) 

C(9) 

^24  " S2 

S223  ^ ^2232  " ^2322  ""  ^3222 

G(10) 

C(10) 

*^25  " ^52 

^2213  " ^2231  " *^1322  " ^3122 

G(ll) 

C(ll) 

Se " S2 

S212  " S221  " ^1222  " S122 

G(12) 

C(12) 

‘^33 

^3333 

G(13) 

C(13) 

^34  " S3 

^3323  " ^3332  " ^2333  " ^3233 

G(14) 

C(14) 

Ss  = S3 

^3313  " S33I  " *^1333  " ^3133 

G(15) 

C(15) 

^36  " S3 

^3312  " ^3321  " ^1233  " ^2133 

G(16) 

C{16) 

S4 

^2323  " ^2332  " ^3223  " ^3232 

G(17) 

C(17) 

Ss  " ^54 

^2313  " ^2331  " *^1323  " ^3123 

"^3213  " ^3231  " ‘^1332  " ^3132 

G(18) 

C(18) 

Se  " ^64 

^2312  ""  ^2321  " ^1223  " *^1232 

"^2123  " Sl32  " ^3212  " ^3221 

G{19) 

C(19) 

Ss 

^1331  " ^1313  " ^3113  " ^3131 

G(20) 

C(20) 

^56  " Ss 

^1312  ""  ^1321  ^1213  ""  ^1231 

"^2113  " ^2131  " ^3112  " ^3121 

G(21) 

C(21) 

^66 

^1212  " ^1221  ^2112  " ^2121 

TAELE  3-5  (Cont’d) 


Piezoelectric  Stress  Constants 


Input 

Symbol  (N) 

Output 
Symbol  (N) 

Engineering 

Equivalents 

Tensor 

Equivalents 

PS(1) 

E(l) 

®11 

®111 

PS(2) 

E(2) 

®12 

®122 

PS(3) 

E(3) 

®13 

®133 

PS(4) 

E(4) 

®14 

®123  " ®132 

PS(5) 

E(5) 

"15 

®113  " ®131 

PS(6) 

E(6) 

"16 

®112  " ®121 

PS(7) 

E(7) 

®21 

®211 

PS(8) 

E(8) 

®22 

®222 

PS(9) 

E(9) 

®23 

®233 

PS{10) 

E(10) 

®24 

®223  " ®232 

PS(ll) 

E(ll) 

®25 

®213  " ®231 

PS(12) 

E(12) 

®26 

®212  " ®221 

PS(13) 

E(13) 

®31 

®311 

PS(14) 

E(14) 

®32 

®322 

PS(15) 

E(15) 

®33 

®333 

PS(16) 

E(16) 

®34 

®323  ""  ®332 

PS(17) 

£(17) 

®35 

®313  " ®331 

PS(18) 

E(18) 

®36 

®312  " ®321 

TABLE  3-5  (Cont'd) 


Tyr 


Dielectric  Bermill ivities  at  Constant  Strain 


— 

Input 

Symbol  (N) 

Output 
Symbol  (N) 

Ent'ineering 

Equivalents 

Tenst)!' 

Equivalents 

DP(1) 

EPS(l) 

s 

^ 11 

c 

s 

11 

DP(2) 

EPS(2) 

s s 

^ 12  " ^ 21 

^ 12 

s 

* 21 

DP(3) 

EPS(3) 

s s 

Ma  ■ ^ 31 

^3 

s 

^11 

DP(4) 

EPS  (4) 

s 

^ 22 

( 

s 

22 

DP(5) 

EPS(3) 

s s 

^ 23  ^ 32 

s 

32 

DP(6) 

EPS(()) 

'33 

( 

s 

33 

i 
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TABLE  3-6  (Cont'd) 
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TABLE  3-7.  AT -CUT  QUARTZ  WITH  X2  IN  THE  THICKNESS  DIRECTION 
;i>  Material  ConsLints 


150C  BECKMANN'S  VALUES  K0K  LEFT  KANO  OUAKTZ 

i I it.  s I 1 1 (■ CUM")  i I 

160  1;  ( I ) =•<() . I /it'> 

16..’  i(J)  = 6.‘»‘)K') 

164  1.  ( .i>  = 1 I . 'M  h’> 

166  i,  ( 4>  = - 1 / . I t.‘» 

I6'"<  0(‘j>=0. 

1 />)  0(61  = 0. 

I / .'  .)(  / 1 = ^6. 

I M 0 ( H 1 = M . o 1 t,-> 

l/t>  .)CM1=|/.61  K'J 

1 / )<  t;  ( I 01  = 0. 

|4.1  0 ( I I 1 = 0. 
i-(a  o(  iji=  I o;  ..’r.'j 
l"<4  i ( I ,11  = 0. 
lit)  t)(  141=0. 

I'l'l  ')(  1 Tl  =0. 

I 60  1;  c 16  1=0/  . O.lt.'' 

16. • 0(1/1  = 11. 

I 64  0(1'?  1 = ,'(. 

1 6(,  ) ( 1 6 1 = ■:)  / . 6 4t.6 

I 6't  0 ( yiii  = - I / . 6 1 1 6 

.’00  ti  ( ^ 1 1 = 06  . ■<  m-  6 

’lOi;  IHr  H I 1.  ^ Ot-Lt  l.  I 6 l 1;  016/06  OUMOlOMlS 


F;)(  1 1 = 0.  1 / 1 

1 K 

H ) ( .’  1 = - 0.  1 / 1 

.'  1 6 

0=1. 

. 1 ( 

.0.’  1 

t’;)(  oi  = 0. 

t’o(  6 1 = 0. 

/ >3il« 

■ V'A 

F'  (<1=1. 

.’4  6 

= 11  . 

P ) ( 101-0. 

K.'W  I 1 ■)  =().  n-4(Wo 

..•.i4 

/'.)(  1 1 = - 0.  1 / 1 

f’o(  1 ti  =0. 

,M  < 

. r 1 -4  > = ’ 1 . 

H ^ ( 1 *j  ) = n . 

1'.-)  ( 1 0 1 r 0. 

f'.,(  1/1=1. 

F .(  1 '<1  = 1. 

c't) 

1 Mt*.  1* ! H.h  1.  1 \ 

0 F ( 1 1 = ) J . . ’ 1 / - 

U^'f  ,'>  = n. 

1 / c 0 = 1 1 • 

OF(  <1  1 = .16  . .’  I / - 

t;  F ( 0 1 = 0 . 

i(F(  t.  1 = ..  1 . 1 11  - 
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TABLE  3-7.  (Coiit'd) 
b)  Plate  Orientiition 

JOOC  lb  M IHt,  mCK.'Jtbb  DIKKCIION 

JIOC  nib  lb  A1  CUl  UUAKf'  (YXDIHKIA 
Ji^O  lAKlArab.i^b 
J611  PI  » J.  1 4 1 

IftPl'  IHKbh.  AKt  UlKKOIIPN  CObIMh.b  HKIWKEM  NPW  AMU  AXKb 

MO  KL  I = 1 . 

JA(1  K'11=0. 

J9'1  K''ll=0. 

4i)()  KL«^=n. 

410  r<'1;->*i;0b(  1 HM  O^Pl  / lAO.  ) 

4;i0  1X9;?=  b 1 9(  I HK  1 A*HI  / 1 sn.  > 

4J0  SL.1  = 0. 

440  KMJr-KV.? 

4bO  K’90=K'l;? 

IHls  PrtKI  UbK--.  INt  -XOIAIKU  VAl.UKb  10  CAl.OULAlh  Ml- 
M 1 U;  blll-KbMh.O  'lAlKlX  KL  h.'IK  9 1 ?>  19  Mh  bKl.I.il.AK  H;n.M109 
Ur  IHt.  rOfx'l  (J  H X ,1 . -<>  - UKL  I A ( 1.  K?  - o 
M MC  19  1 XK  1-CLL0.9190  1 PixK  bt  9 1 b 1 HK  C00KUI9Alr  19 
M 1 (.0  Mr.  MlCK9Kbb  0lKr.C;il09-  I.h.  r OK  XI  1=1 
M.?0  1=.' 


e>  Results 


/ I %/!-./// 


..I  > > 1 1 • » 1 ■ I,  ,)  r , 1 'v.  I 1 0 . V. . 
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1 1 - 1 
1 / J 1 


I 1 I >1  I 
1 1 

.1.  1 ) 

Ki.  I I 

II 


^ . I I . 

- II 
1,1  I 
, r.  > ■ / II 
• . I ■ 


. / ■ II 

I . I M I ‘ I I 

■.  I . • 1 ' ' . II 


1 


II  . i M.  / I I 


- 1 1 

1 1 

1 1 

• ■ 

/ 1 

, ^ 

1 1 

, 

1 < 1 
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TABLE  3-7.  (Cont'd) 
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1 0 
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1 1 
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1 
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1 J 

). 

0. 

1 i 

0. 

0 . 

1 J 
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0. 

1 fi 
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u . 
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erence  system  in  which  the  modes  of  vibration  are  displayed  mutually  indepen- 
dent of  each  other*.  This  is  the  so-called  normal  coordinate  reference  system 
in  which  the  allowed  modes  of  operation  are  termed  the  normal  modes.  The 
directions  of  these  normal  coordinates  are  given  by  the  characteristic  vendors 

or  eigenvectors  associated  with  each  c^^\  This  set  of  ratios  among  the  u^|^^ 

amplitudes  will  be  designated  as  the  components  of  the  i^^  eigenvector 

associated  with  each  c^^\  For  example  c^^^  is  associated  with  the  values 

^^2’  ^^3^’  which  each  is  associated  with  the  values 


Furthermore,  if  the  components  for  each  (i)are  normalized  so  that 


1 or 


,(i)  , (i) 


, ( i)  , ( i) 
'^2^2 


(i)  (i) 


= 1 


(36) 


then  these  are  the  direction  cosines  of  the  particle  displacement  for  each 
of  the  three  modes,  (i),  in  rekition  to  the  plate  coordinates.  The  vector  set 
formed  in  tliis  fashion  is  also  orthonormal  and  has  tlie  properties. 


,(i)  ,(i)  ,(j)  ,(k)  . 

./i,  = ,1  •’  d = 5 

j k m m jk 


(37) 


The  general  procedure,  therefore,  is  to  solve  Eq.  (26)  for  its  roots  or 
determine  them  fromEq.  (24)  and  substitute  into  Eq.  (23)  for  each  root,  to 
determine  the  uj^  values  appropriate  to  this  root.  Then  normalize  these  to  unity 
and  construct  the  eigenvector  for  this  root;  then  repeat  Uie  procedure  for  tlie 
next  root,  etc.  If,  working  witli  Eq.  (26),  this  cubic  equation  can  be  reduced 
to  the  form 

3 

d ♦ a d f b = 0 , 


where  c = d - (q  3) 


(3«) 


a - ^ ( 3r-q^ ) 
b = 2^  <2q^  -9qr  » 27  s)  , 

then,  letting  d m cos  O,  where  m = 2 ^ “ . cos  3 o 


gives  tile  roots 


141 


2,7 


dj  m cos  (,j,  d2  = m cos  * 3 * ’ ^3  “ *** 


-4b 

3 

ni 


4 7 


1 3 

41) 

Here  ().  is  Uie  smallest  value  that  satisfies  cos  3 t)  = - . 

‘ nr 


(39) 


In  the  general  case  tlie  numb(>r  of  roots  ot  c’  is  c**^’  and  the  normal  coordin.iti* 
reference  system  has  k dimensions  instead  of  three,  as  in  our  siiecial  case. 
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Instead  of  followintt  this  procedure  and  writing  a program  for  it,  the 
Honeywell  Information  Series  600/6000  Time -Sharing  Systems  has  a program 
available  that  is  in  the  ESD  computers  time -sharing  library.  This  progi’am 
solves  tl\e  equation  and  computes  the  eigenvectors  as  well  as  giving  tlie  eigen- 
values. This  "canned"  routine  was  used  to  solve  Eq.  (25)  and  to  obtain  Uie 
eigenvectors  satisfying  Eq.  (40). 


- E ( i ),.  , . ( i) 

^ 3jk3  ' '^jk  ' k 


(no  sum  over 
i is  Uikcn  here) 


(40) 


The  instructions  for  tliis  "canned  program"  called  SYMEIG,  together  wiUi 
a listing  of  it,  are  shown  in  Table  3-8.  This  program  is  written  in  Tune-Sharing 
FORTRAN,  but  the  conversion  to  a more  conventional  form  is  relatively  obvious. 

The  output  of  this  progi'am  is  shown  in  Table  3-9  when  the  required  results 
from  Cli0T  in  Table  3-6  were  supplied.  Doth  the  Yes  and  No  responses  to  the 
instruction  question  are  shown. 


Figure  3-3  uses  these  results  for  AT-cut  quartz,  with  X3  in  tlie  thickness 
direction,  to  clarify  Uie  previous  discussion.  It  shows  the  construction  of  the 
eigenvectors  for  this  simple  3 -mode  case,  and  the  relationship  of  die  3 -dimen- 
sional normal  mode  axes  to  the  plate  axes.  For  waves  propagating  along  the  X3 
pLite  axis  we  have  one  pure  shear  mode  (particle  displacement  at  right  angles 
to  the  propagation  direction ),  one  quasi -shear  mode,  \ and  one  quasi- 

longitudinal  mode,  For  waves  propagating  along  the  normal  mode  axis,  3, 

we  have  two  pure  shear  modes,  o’  * and  / ^2)^  and  one  pure  longitudinal  mode 
(particle  displacement  in  tlie  direction  of  propagation  direction), 


Another  program  for  the  purpose  of  debugging,  was  written  at  this  lime. 
Its  purpose  was  an  essential  tesi  of  the  results  obtained  up  to  this  point. 


The  nine  separate  equations  in  E^.  (40)  (three  for  each  value  of  c*'  ’ can 
be  written  as  follows  (whereCDjj.  3jg3  matrix  form): 


CDji 

CB^2 

^’'^21 

^’■^22 

^’•^23 

^'»32 

^'”33 

( 1)  ,(  1)  ,(3) 


. (1)  j(2)  ,i  <3) 

2 '2  2 

j < 1)  ,(2)  j (3) 
'^3  '3  '3 


,(1)  ,(2)  ,(3) 


' 1 '1 


j ( 1)  j(2)  i (3) 
'2  '2  ' 2 

j(l)  j(2)  ,j(3) 

'3  '3  '3 


c'^’  0 0 


0 c'^’  0 


0 0 c 

(41) 


(3) 


c.ui  be 

pre -multiplied  on 

each  sidi'  by 

) mvt' 

rse 

1 

r‘  '<• 

yield 

Vd,, 

CD12 

CD,3- 

r'l" 

,(2) 

'’1 

(3) 

- ( 1) 
c 

0 

0 ■ 

GD21 

‘-'’22 

^'•^23 

(3) 

'^2 

0 

(2) 

0 

.^■''31 

''32 

^"33_ 

(3) 

3 

(3) 

'3 

J 

0 

0 

(3) 

c 

) 

1 i 

:i 

I J 
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TABLE  3-8.  INSTRUCTIONS  FX3R  SYMEIG  AND  THE  PROGRAM 
LISTING  OF  SYMEIG  FOR  CALCULATING  THE 
EIGENVALUES  AND  EIGENVECTORS 

a)  Instructions 

This  FORTR/\N  pro>»ram  calculates  the  eigenvectors  and  elgenv*ilues  ot  a real, 
symmetrica  I matrix. 

METHOD 

The  method  used  is  Jacobi's  method,  which  was  adapted  ior  computer  use  by  von 
Neumann.  The  method  consists  of  applying  to  the  matrix  a system  of  plane  rota- 
tions given  by  orthogonal  matrices  designed  to  reduce  the  off-diagonal  elements 
to  zero.  The  eigenvalues  are  then  the  diagonal  elements  of  the  original  matrix 
and,  if  the  eigenvectors  were  desired,  they  are  developed  as  tlie  columns  of  the 
product  of  tl\e  orthogonal  mtitrices. 

INSTRUCTIONS 

Knter  d*ita  as  requested.  For  further  instructions  run  the  program. 

SAMPLE  SOLUTION 

SYMt-  I G 


DO  YOl  iN^. r-mc  r I v'^Ns? 

= "i  KS 

fo- 
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TABLE  3-8.  (Cont'd) 


b)  Program  Listing 
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210 

00  3d  J=l  , 0 

220 

I6(I-J) 30,3d,30 

2 30  30 

ANf)2M  = Af()!23+A(  I ,J  )*A(  I , J) 

230 

CONlTWJrl 

2j0 

1 1-(  AW02  f,)  1 03  , i OD  , 40 

2-,0  40 

AN()2M=S02r(  ANOf?  !*2.  ) 

2 10 

Al'l2'!X=A3n‘?  (*|  .0i-;-6/FL()AY(.-l) 

2 iOC 

I.iliTALr/3  l:slDICA3'0f)S  ANO  CO  SHUfF  TMPt-OOOL:)  | 

?9.) 

IOD=J 

300 

i'HP=A,«i02M 

310  4!5 

i'HP=rH2/i3  -1 

3)0 

ol=W-l 

340  130 

00  1 4y  L=  1 ,!l  1 

323 

LI=Lt| 

330 

00  14y  .S=L1,0 

3 IOC 

COiPUlF  Slot;  A30  COSINF 

3 30  62 

It-(  \dS(A(L,''))-1  IP)  149,60,03 

3 jO  o3 

I.O)=l  ’ 

3/0 

X=0.3*( A(L,L)-A(  (,3)) 

3 iO  oo 

/=A(L,  O 1 

3-^0 

/ = S')Pi  ( Y'*V  + X*X)  ; 

4 )0 

)'=-A(L,1)/X  i 

4 1 

Ir( a) /), /3,73 

420  10 

/=-¥ 

1 S' i / 3 of 

ijx=v'/sor/r(2.o*(  i.o+(sopT( 

440 

,dI.-iX2  = 3I;IX*SI0X 

4 j ; /H 

cosx=so?r( 1 .0-SIWX2) 

A ■>..) 

Ct)3X2=CODX*COSX 

4 /O 

;'>INCS=SINX*COSX 

4 sue 

POl'AfF  L XrJO  .3  C0LU3«I3 

4V0 

00  yo  1=1  ,i'l 

3 3o 

Irf I-L)  SO, 90,  30 

0 1 0 60 

IF(I-.i)3D,90,3D 

320  do 

X=A(  I ,L)*COSX-A(  I , 

D 30 

A( I ,M)=X( I ,L)*SINX+A( I ,3)*Co3X 

3 3.  ) 

A( I ,L)=X 

•jjO  00 

CONi'IcSl):-: 

'joO 

X=2.0*A(L,'S)*SI  JCS 

3 

t'  = A(L,L)»COSX2+A(  .|,V)*,SI.)X2-X 

3 SO 

X=A(L,L)*3Ii.X2+\(  \<,  ()*C(^bX2  + X 

0/  ) 

A ( L , M ) = ( A ( L , L ) - \ ( ■' , M ) ) *?  I NC.S  + A ( L , 4 ) * ( COS  X2-  i 1 r.  X2  ) 

0 10 

A ( 1. , L ) = r 

0 1 0 

\ . -1 ) = < 

■^20 

00  100  I = 1,0 

O SO 

A(L, I ) = A( I ,L) 

^ I i 

■\(  n=A(  I ,'/) 

OOO 

I f-(  'V-  1 ) 9d,  1 ) ),  y.) 

6oO  y-j 

X = P(  I ,L)*C:)5X-P(  I , ')*sr  JX 

O /' J 

Of  I , 1)=P(  I ,L)*SIOX  + P(  I ,).')* COSX 

o su 

P( I ,L )=X 

CVS  lOv) 

Co:.  1 h.iJF 

/3)  I4y 

CO.Jl'I  olj-- 

HI  Id) 

IFd  .0-1  ) 1 30,  I'y,  loO 

/ ’ 0 1 DD 

Io[)=0 

J 
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1 rj 

y)  1 o t = 1 . . 

.-n  1 .1-- 1 ,,, 
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If-(A(  i , [ ) ) 1 /:),  1 
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1 / ) 

X=  ■■(  I , [) 

! ^ : 

‘(1,1  )‘=\(  J,J) 

< ; 1 

\(.).,l)-v 

'•|  ) 

i(-(  v'-l)  l/■;,  l/J,  1 /•:> 

'i  > . t 

i /.J 

i/l  1 'iJ  .-1 
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TABLE  3-9.  OUTPUT  OF  SYMEIG  FOR  AT  CUT  QUARTZ  WITH  X3 
IN  THICKNESS  DIRECTION 
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TABLE  3-9  (Cont’d) 


ro'j  I\.,i  i.;ji  ; . iv 

. - ; f':  oriri  wn  T ib  ATHT  T-PATAT:)  '/ 

>.  P>.’  HvV'Poin  I , 

, I.  A 1 I I I ).  37')'vr2. l ; 
j7  ).)4k4j;' 1),  I ''V76o34l-:i,? 

'.AiM';  IS 

, pv:’  w.-’b  ||  ).  O, 

, ).34ol|j^/'i  II  -0. 0/4442  4.3"  n 

, 0 /00423  I ; M.  |2y7ji34'?  12 

: !-lJb..VAHJ2  rOLLOHi:''  OV  COppoSPOlIOI . iO  H IG^NV  TCI 

142.^y..0..![;  II 

I )OMOM')!-  ,)|  ).  o. 

M U-  II 

).  vyoOoO  123  0)  4.621  7246o!;'-<'l 

I I 2 I '.42  I 2 

- ).  62  I 724  j3ii-0  I O.  W4..I0042H  GO 





Since  I’M  J = 1 • 

However  if  [f^]  is  an  orthogonal  malrix^^^ 
T 

fJ  transpose  = [ (ij  should  be  equal  to  [/ij 


hence, 


(1) 

*^2 

,(1)  I 

^3 

CBii 

C^12 

CBi3- 

r 

'^1 

.(2) 

^1 

,(3)  1 

^1 

r 

c 

0 0 

.(2) 

^1 

, (2) 

,(2) 

^3 

C®22 

^®23 

,(1) 

'^2 

,(2) 

''2 

.(3) 

e. 

= 

0 

(2)  ,, 
c 0 

(3) 

Li^i 

,(3) 

'^2 

,(3) 

^3  J 

■CB31 

^®32 

^®33  - 

L^3 

,(2) 

^'3 

.(3) 

ds  J 

.0 

n <3) 

0 c J 

(43) 


The  program  Norm  listed  in  Table  3-10  carries  out  Eq.  (43)  using,  as 
inputs,  the  secular  matrix  coefficients,  CBj^,  from  CROT  and  the  values 

from  SYMEIG.  It  should  return  Uie  correct  values  of  c***. 

The  direction  of  the  plate  thickness  can  be  made  to  correspond  to  that 
used  in  CROT  by  changing  line  120. 

Table  3-11  shows  the  output  of  this  program  for  the  example  in  Tables 
3-6  and  3-9.  The  output  should  be  a diagonal  matrix  whose  elements  correspond 
to  tlie  eigenvalues  in  Table  3-9.  Notice  that  the  output  is  not  diagonal.  However 
a closer  examination  shows  that  the  off-diagonal  terms  are  errors  in  the  last- 
listed  digit,  or  beyond,  of  the  diagonal  terms  and,  hence,  represent  computer 
round-off  errors. 

C . TRANSFORMATION  TO  NORMAL  COORDINATES,  NORMAL  MODE 

IMPEDANCE  MATRIX  AND  PROGRAM  VCOUP 

At  this  point  we  carry  out  a transformation  to  normal  coordinates  I 

by  defining  the  following  quantities. 


T„^. 

3j 

= J T„. 

1 3i 

(44) 

u^  = 

, (j ) 
d . u. 

(45) 

J 

1 1 

0 

"^33] 

= ‘^^33,  • 

(46) 

i 


I 


I 
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TABLE  3-10.  LISTING  OF  PROGRAM  N0RM  FOR  DIAGONALI- 

ZATION  OF  THE  SECULAR  MATRIX  COEFFICIENTS 


lOOC  THIb  C0NVEKTS  THE  CeEh  >' 1 C I EN  rS  I NJ  I HE  SEGUUAK 

lOlC  EQUATia'^  T0  DIAGONAL  E0KM 
no  DIMENSION  CH(3,  3)  . 8C3.  3)  .CN(3»  3) 
liiO  1=3 

130G  ms  MAJKIX  STORES  THE  ELEMENTS  OH  THE  SECULAR  EQUATION 
MO  CB(  I , 1 ) =0.2‘?i>3‘>2ieGE  1 1 
ISO  CB( 1,2>=0. 

160  CB( 1 . 3)=0. 

1 7 0 CHC2.  n = 0. 

IHO  CH(2,2)=0.3R6I 1S27E1 I 
190  CU(2.3)=-0.S70042ASEI0 
200  Ot)<3.  n = o. 

210  Cb(:.,2)=-O.S7004232E10 
220  CUf3. 3) =0.  1297663At  12 

2S0C  IHlb  MAIKIX  STORES  THE  EIGENVECTORS  OH  CH  HY  COLUMNS 

2S1C  THE  COMPONENTS  OF  THE  EIGENVECTORS  ArE  THE 

2S2C  DIKECII0.N  COSINES  BETWEEN  THE  NORMAL  MODE 

2S3C  AXES  and  IHE  plate  AX ES ( H ( 1 . I ) =C OS I NE  Oh 

2SAC  ANGLE  BETWEEN  NT  AND  XI.B(2.1)  BETWEEN  N1  AND  X2.EIC> 

260  Hf 1 , 1 )=0.  I E 1 

270  B(2,  17  = 0. 

2H0  B(3» 1 7=0. 

290  Bf 1,27=0. 

300  H(2, 27 =0.99S06SA2 
310  B(3,27=0.621724S1E- 1 
320  BC 1,37=0. 

330  B(2,37=-0.62I72AS1E- 1 
340  B(3,37=0.99H06S42 

37  0C  THIS  MAIKIX  SHOULD  C ON  1 A I N THE  EIGENVALUES  ON 

37  1C  IHE  MAIN  uIAGONAL.  IT  REPKESENIS  HI*Ch«M 

372C  BT  Is  IHE  TRANSPOSE  OF  B 

3H0  DO  10  L= 1 , 3 

39  0 DO  10  M= 1 , 3 

400  DO  10  J=  1 , 3 

410  DO  10  K=  1 , 3 

42  0 CN(L.M7  = B(J,L7*B(><,M7*CBCJ,X7  + CN(L,M7 
430  10  CONTINUE 
440  PRINT  900,1 
4S0  PR  INI  910 

460  PRINT  920,  ( (CN(  I , 17  , 1= 1 , 37  , 1=  1 , 37 
SOO  Slop 

SIO  900  H 0RMA I ( /,  • H Or  X*,I1.*  IN  1 HE  THICKNESS  DIRECTION* 7 
S20  910  H OrMA I ( /, SX.  * I HE  ELEMtNlS  IN  THE  NORMAL  COORDlNAlE*. 
salt  * EUUAI  I ON  ARE*  7 

S30  920  H ORMA 1 ( /, 3X. E 1 S.«, 6X, El S.H, 6X, E I S. H7 
S4()  END 
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TABLE  3-11.  OUTPUT  OF  N0RM  FOR  AT  CUT  QUARTZ  WITH  X3 
IN  THE  THICKNESS  DIRECTION 


•II  • .1.^/  I 


i : l : ^ . 


j : r ; : 


Al.  •'ll 


. I I 


Furthermore,  since  the  ,)’■  are  orUionormal,  the  inverse  transformations 

are 

. ( i ) ,, 

u.  = uO  (48) 

,(i)  o 

®33j  “ ^33i  • 

Equation  (44)  for  exiimple  );ives: 

^31  " '^1  ^31  ^ '^2  ^32  ' ^^3  ^33  ’ 

In  terms  of  these  new  quantities  Eq.  ( 1)  for  i in  the  X3  direction  becomes 

.T,o  2 o 

^3j’3  = 

Hcturnint;  to  Eq.  ( 12)  for  X3  in  the  thickness  direction  (i.e.  i = 3)  we  have, 

'^•33  " (‘^3k3/  ^33)\’33’ 


which  can  be  inte);rated  to  (jive, 


u,  t a,,x„  ♦ b.,  . 
k 3 3 3 


■ 


This  in  turn  can  be  substituted  into  Eq.  (7)  for  i = 3,  k = 3 to  yield, 


^ E { 3k3 

^3j  ■ 3jk3  \’3  ®33j  ( s 

\^33 


\’3'"®33j^3  • 


Multiplying  Eq . (54)  by  and  using  Eq.  (15)  leads  to, 


_,o  , (i)  rr.  -E  , (i)  , (i) 

^3i  “ ^3j“‘^3jk3  \’3'^^j  ®33j  ^3  ’ 


but  from  Eq.  (40)orEq.  (25), 


_E  ,(i)  (i),,  ,(i)  , 

c„.,  „p.  = c 6,  .p.  , (no  sum  over  i) 

3jk3  kj  j ’ 


so  that 


T„.  = c 6,  . fi.  u,  , „ + e„„.  a„  (no  sum  over  i) 

3i  kj  j k 3 33i  3 


rr,0  ( j)  , (i)  o , , 

or  T„.  = c /J.  u.,  „ + e„„.  a,  (no  sum  over  i)  , 

3i  j j 3 33i  3 


from  which  we  obtain 


(i)  o o , .. 

T„.  = c u.  , „ + e„„.  a.,  (no  sum  over  i)  . 
3i  1 3 33i  3 


This  equation  can  be  substituted  into  Eq.  (51)  to  give 

c ^ ^ uf^ . + o u*!^  = 0 (no  sum  over  i ) 

1 ’ 33  1 


(1)  o 2 o _ 

c u^,33  + PU,  u^  = 0 

(2)  o 2 o 

^ “2  ’33  ^ “2  “ ^ 

(3)  o 2 o 

^ ^3’33  ^ ”3  ^ ® 


This  clearly  shows  that  the  normal  coordinate  motions,  u^  , are  uncoupled. 


3-39 


If  use  is  made  of  the  symmetry  relations  of  Eq.  (9),  it  is  possible  to 

write 

/ , ( i ) o V / o < ° > 

®3k3\"'  ®3i3  ^k  ^m 

^k  ^k  3i3  m 

= 5 . e?.„  u ° = e°.„  u° 

im  Old  m did  1 

where  the  orthonormaL  properties  of  the  in  Eq.  (37)  are  used. 

This  shows  that 


®3k3  \ ^ ®3k3  \ 


is  invariant  under  the  transformation. 


Equation  (53)  for  the  potential  then  becomes 


" ‘®3k3^^33  ’ \ ‘^3  ^3  '^3  ’ 

which  shows  that  the  x3-dtrected  component  of  an  electric  field,  arisint;  from 
particle  displacement  due  to  passage  of  a wave,  reverses  direction  when  Uie 
wave  direction  reverses. 

It  is  now  desirable  to  show  that  Eqs . (59)  can  be  represented  by  trans- 
mission line  equjitions.  The  sUvndard  lossless  transmission  line  equationsl 


(z;t)  = -L  If  (z;t) 
()  Z dl 


(z;t)  - -C  If-  (z;t)  . (63) 

<)  z <)  t 

where  L and  C represent  the  inducUince  and  capacitance  per  unit  lengUi,  can  be 
put  in  Uie  desired  form  by  the  following  procedure. 


so  that 


Let  V(z;t)  and  l(z;t)  lake  the  same  form  as  Uj(x.  ;t)  in  Eqs.  ( 16)  and  ( 18), 

, , j u.'  ( t - ^ z ) i a'  ( t - ^ ) 

V(z:t)  ^ Ve*''''^e^^‘*’  = Ve  = Ve 

(64) 

ia’(t-  Z)  jix’d  - - ) 

1 ( z ; I ) lee  = 1 e 1 e 


represent  sinusoidal  time  functions  propagating  ni  tiie  z direction  witli  a 
velocity,  v. 
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Eqs.  (64)  can  be  substituted  into  (63)  to  yield 


-jTjV  = -jwLI 
-j?;!  = -jwCV  or  I 

If  the  second  equation  of  Eq. 


oC 


(65)  is  substituted  into  the  first, 


-inV  = -iu>^LCV  (1-  uj^LC  ) V = 0 . 

n 2 

' n 

Equation  (66)  can  be  satisfied  for  arbitrary  values  of  V only  if 
/}  = U!  ^LC"  . 


(65) 


(66) 


(67) 


The  following  identification  between  the  velocity  of  propagation,  v,  and 
the  wave  number,  q , must  be  made  from  the  last  form  of  Eq.  (64); 


u.’  u,’  1 


(68) 


If  a transmission  line  characteristic  impedance  and  admittance  are  de- 
fined as 


(69) 


I 


then,  for  an  arbitrary  wavenumber  Eqs.  (63)  can  be  put  in  the  form. 


-ju) 


(i) 


I 


(i) 


r(i) 


(70) 


where  it  is  assumed  that  the  wave  is  propagating  in  the  direction. 

If  the  second  of  Eqs.  (70)  is  differentiated  with  respect  to  X3  and  substi- 
tuted into  the  first  equation,  V***  can  be  eliminated,  and  vice  versa,  to  yield 
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Both  of  these  equations  are  identical  to  Eq.  (59)  when  Eq.  (20)  is  used, 
so  it  should  be  possible,  at  least,  to  determine  that  there  is  a correspondence 
between  the  normal  mode  displacements  and  the  transmission  line  variables. 

Also,  note  that  by  writing  Eqs . (16)  and  ( 18)  in  the  same  form  as  the 
last  of  Eq.  (64),  the  acoustic  wave  velocity  for  each  is  given  by 


V 


(i) 


c /p 


(72) 


Since  we  are  free  to  make  corresponding  wave  numbers  of  the  transmission  line 
and  elastic  waves  equal,  Eq.  ( 59)  amounts  to  using  three  transmission  lines 
(one  for  each  i),  and  supporting  a wave  propagating  with  the  velocity,  v*i*  from 
Eq.  (72),  if  the  other  variables  in  the  acoustic  wave  equations  can  be  made  con- 
sistent with  Eq.  (70). 

Equations  (51)  and  (58)  represent  a set  relating  and  u^  , wliich  are 
very  similar  to  the  first-order  differential  equations  of  Eq . (70).  However,  the 
egsi  a3  term  of  Eq.  (58)  hinders  this  analogy.  This  term  is  piezoelectric  in 
nature  and  a spatial  constant;  hence  if  T°.  is  separated  into  two  parts  by  defining 

T°.  = + t“  wiUi  = e"  a„  , (73) 

3i  oi  3i  3i  33i  3 


then,  because  T^-,  is  a consUint, 


T 

3i’3 


= 0 


( 74) 


so  that  Eqs.  (51)  and  (58)  become 
o 2 o 

l3.,3=-p^>  m 

( i ) o ~o 

c u.  „ = 1 ,,  , 

1,3  3i  ’ 

which  now  has  the  structure  of  Eq.  (70). 


(75) 


To  complete  the  analogy  between  the  acoustic  waves  and  the  transmis- 
sion line  it  is  neces.sarv  to  pur  corre.sponding  quantities.  For  reasons,  given 
in  Ref.  I 1)  , tlie  following  choices  are  made; 


^ ^3i 

l"’ 

-ii'* 

1 

z"’ 

'0 

. ( 1 
Apv 
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r 


(i)  / (i)\2 

c ^ P{v  ) 

^0  " ^^0 


(76) 


I ^ is  the  negative  of  the  particle  velocity  in  the  normal  coordinate  sys- 
tem . The  negative  sign  is  a result  of  the  convention  for  positive  power  flow  in 
acoustics.  If  a positive  tensile  force  is  applied  to  an  elastic  body  a positive  out- 
ward particle  velocity  is  produced  but,  under  these  conditions,  power  is  said  to 
produce  a power  flow  into  the  body.  Hence,  the  outward  velocity  associated  with 
an  inward  power  flow  produces  the  negative  sign. 


The  factor,  A,  in  Eq.  (76)  is  a portion  of  the  area  perpendicular  to  Uie 
wave  propagation,  i.e.  normal  to  X3. 

Still  following  Dr.  Ballato's  presentation,  we  now  turn  to  an  examination 
of  the  thickness  modes  of  an  electroded,  piezoelectric  crystal  plate  with  traction - 
free  surfaces,  driven  by  an  electric  field  in  the  thickness  direction,  (since  this  is 
a clever  way  to  incorporate  the  electrical  circuit  into  the  transmission  line  model) 
Figure  3-4  is  a sketch  of  the  situation  to  be  analyzed.  The  plate  is  laterally 


Figure  3-4.  Unbounded.  Traction-Free.  Piezoelectric  Plate.  Thickness 
Excitation  of  Thickness  Modes 

unbounded,  of  thickness  2h,  wiUi  upper  and  lower  surfaces  at  X3  = ^h  and  -h, 
re.spectively . niesc  surfaces  are  also  assumed  to  be  mainUiined  at  potentials 
*Oq  and  -(^Q,  respectively,  literal  coordinati's  are  of  no  interest  and  the  e-l^'* 
time  factor  is  ignored. 

At  the  plate  boundaries  the  conditions  to  be  satisfied  are: 


I 


T„  Oatx,,  th 

3j  3 

f.*)  = ii.'iyatXg  ih 


(77) 
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If  Cramer's  rule  is  applied  to  Eqs.  (47)  it  is  seen  that,  if  the  untrans- 
formed stress,  T3j,  vanishes  at  the  surfaces,  the  transformed  stress,  Tg. , 
must  also  vanish  since,  to  satisfy  the  orthogonality  condition  that  the  transpose 
of  the  /I  matrix  is  equal  to  its  inverse,  the  determinant  of  the  i3’s  must  be  non- 
zero. Hence 


= 0 at  Xg  = ±h  . 


(78) 


We  seek  a solution  of  Eq.  (59)  that  satisfies  Eqs.  (77)  and  (78)  when 
inserted  into  Eqs.  (58)  and  (62).  From  now  on  until  further  notice  the  Einstein 
convention  is  dropped  and  no  sum  is  to  be  taken  unless  it  is  specifically  indicated. 
To  this  end  we  select 


o (i) 

u.  = U.  sin  q x,  , 
11  3 ’ 


so  that 


o .1  (i)  j o ,,  , iv^  • (i) 

up 3 = U.  cos  q Xg  and  u.,gg  = -VAq  ) sin  q Xg  , 


(i) 


(79) 


which  satisfies  Eq.  (59),  provided 
, (i).^ 


(80) 


which  it  does,  from  Eq.  (20).  If  Eq.  (79)  is  now  placed  into  Eq.  (58)  and  use 
is  made  of  Eq.  (78), 

rj,o  ( i ) o 

^3i  " ^'3‘'®33i^3 


(i)  (i),,  (i)  o n . u 

= c q U.  cos  q Xg  + Cgg.  Ug  = 0 at  Xg  = ± h . 


Hence, 


U.  = 


fP  1 
■^33i  3 


1 (i)  (i)  ui . 

c q cos  q h 


(i) 


(81) 


(82) 


Using  Eq.  (62)  along  with  Eq.  (79)  yields: 


<t>  - 


o 

^3k3 

s 

■33 


u.^  ¥ a„x„  + b„  (sum  over  k) 
k 3 3 3 


o 

*'313  ,,  (1)  323 

U , sin  q x„  t 
s 1 ' 3 H 


<2) 

Ug  Sin  I]  Xg 


33 


■33 


(83) 
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mmammm 


1 


^ Ug  sin  Xg  + ao  X 
^ 33 


3 ^3 


Substituting  from  Eq.  (82)  yields; 


o o ( 1 ^ 

'^313  ^331  ^3  ^3 

- 5?  (1)  (1)  (1). 

c T)  COS  ?;  h 


■33 


o 0 . (3) 

^333  ^333  ^3 

s (3)  (3)  3. 

€^2  c n cos  n h 


o o , ( 2 ) 

^323  ^332  ^3  ^3 

s (2)  (2)  (2) . ' 

£33  c /]  cos  ij  h 


+ a3  X3  + bg 


Letting  (&  = ± (^q  at  x^  = ih  leads  to 

*^0  *'*^0'  " ® “ ^^3  • 


Thus 


and 


b3  = 0 


*^’0  " ‘^3^ 


3 

1 \' 


h . 


i=l 


e®  e° 
^3i3  33i 

s ( i ) 

^33" 


tiui  /] h 

(i) 


This  leads  to: 


‘‘3  “ 


Vh 


3 e®  e° 

X'  ^^313  ^^331 


Now  we  define: 


. s ( i ) 

1 = 1 £330 


0 o 
'^3i3  ^33i 


tan  fi ' h 

'HI  . 

Ij  h 


s ^ (i) 

‘33 


(84) 


(85) 


(86) 


(88) 


where  no  sum  over  i is  taken,  so  that 


(k<iV  = 


®313®331 
s (1) 
^33 


0 ^ 
^^331^ 
s (1) 
^33 


(k<2>;  = 


0 

^^332 
s (2) 
^33 


(3)2 
(k‘'^')  = 


0 

( p ) 

^333 
s (3) 
^33 


when  use  is  made  of  the 
trie  coupling  coefficient 
Mode  (TETM)case. 


symmetry  relations  for  efjk.  Here  k^^*  is  the  piezoelec 
for  the  i*^n  mode  in  the  Thickness  Excitation  of  Thickness 


Putting  Eq.  (82)  into  Eq.  (58)andEq.  ( 79)  along  with  Eq,  (87)  leads  to 

(i) 

X,  \ 

189) 


cos  I)  x„ 

^3i  " ®333i  ^3  ^ ^ ' 


(i)  , 
cos  I)  h 


0 

u.  = 


0 ■ (i)  / 

-^33i  ^3  ' 


1 . (i)  (i)  '1'  u I 

he  q cos  I]  h / 


(i) 


1 \'  tan 

(j). 

j = l '?  ^ h 


(90) 


Substituting  Eq.  (53)  into  Eq.  (8),  specialized  to  the  3-direction  by  letting 
i = k = 3,  leads  to: 


s _ '^33 

^3  ■ '^33^3  ~ 


1 . f; 

j=i  h 


(91) 


Now,  consider  a portion  of  the  plate  having  a lateral  area,  A,  as  intro- 
duced in  connection  with  Eq.  (76).  The  current  Iq,  intercepted  by  this  area  is 
equal  to 

Iq  = -ADg  = -j  tc'ADg  . (92) 

The  minus  sign  is  here  because,  at  the  positive  (upper)  electrode,  the 
surface  normal  points  in  the  direction  of  minus  X3  within  the  crysUil. 

Considering  this  plate  to  be  an  electrical  network,  one  sees  an  admitUvnee 

Y.  (TETM)  = I/E  = I„/20„  . (93) 

in  0 0 

Defining  a caixiciUince  Cq  by 

C(,.A£“3,2h  , CM) 
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Equation  (93)  becomes 


Y.  (TETM)  = 
m 


1 . I (k<P>)^  ^LpL 

p=l  T]  ^ h 


by  substituting  Eqs . (86),  (88),  (91),  (92)and  (94). 

We  now  assume  Y|jj(TETM)  can  be  represented  by  the  configuration  shown 
in  Figure  3-5.  Then 


Y.  (TETM)  = ia>C„  + 
in  •*  0 Y 


■j‘*^^o)Y(TL) 


- i<^Ci 


Equations  (95)  and  (96)  are  identical  if 


^ ( V ,.<pl^  tan  ,|'Pt  'l  /“"!>’  . 
\p=l  r;  ^ h / yover  p 


indicated  sum 


Figure  3-5.  Assumed  Input  Admittance  Network 


This  can  be  interpreted  as  the  sum  of  three  admittances  in  parallel,  with 
each  admittance  containing  one  tangent  function;  i.e., 


Y = ) 

(TL)  TL  ’ 

1=1 


(98) 


..u  ^ (®3i3®33i\  tan?/‘’h 

where  Y^^  = ^^^0  -^-(1^  nT~ 

£33  c / /,  h 


Using  the  variables  defined  in  Eq.  (76)  this  can  be  written  as 


e^  e° 

^ O • r%  C rt  o _• 


„(i)  jA  3i3  33i  , (i),  jA  0 "33i 

Y^^  = -‘‘-o-  m — tan  ;;  h = ^ e„.  


o t ^ i 
e;:„.  tan  i]  h 


" 2h2 


pv 


(i) 


2h 


2 3i3 


a2  o* 

_ A o o 2 tan  /;  h 

..2  3i3®33i  ,„(i)  " ..2  '^3i3  "33i  ^ (i),^ 

4h  -jZq  4h  . cot  i]  h 


^ e°  eo 


-3  IP 
2 


(99) 


The  input  impedance  of  an  open -circuited  lossless  transmission  line  of 
length,  h,  characteristic  impedance,  Zq,  and  propagation  constant,  i] , is 


Zqc  = ’ 


( 100) 


and  the  impedance  of  two  of  these  lines  in  parallel  is  -j  — ^ cot  h . 

Hence,  we  are  tempted  to  represent  Y^^  as  shown  in  Figure  3-6.  For 
this  configuration  ^ 


TL 


,(i) 

^TL 


1 / „(i)  . (i).\ 

~,2  (-j  Zq  cot  n hj 

1 ' ^ 


(101) 


Equation  (101)  will  agree  with  Eq.  (99)  if 


n = 
1 


■I 


AJe°  e° 
^^^3i3  33i 


2h 


_^‘^33i 

2h 


(102) 
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Figure  3-6.  Assumed  Configuration  for 


Figure  3-6  can  be  redrawn  as  shown  in  Figure  3-7,  since,  in  Uiis  circuit, 
no  current  will  flow  at  the  center  of  tlie  transmission  line  so  the  wires  in  Figure 
3 -7  can  be  cut . 


t I'lto  ft.  |ii  .sriil.iliiin  ol  Single  riiickness  MiKie, 

I ' ( Imi  1 1 1 1 i| 


r 


In  Figures  3-6  and  3-7  and  Eq.  (102)  n^  represents  the  piezoelectric  turns 
ratio  in  Mason's  Equivalent  Circuit. 

In  connection  wiUi  Figures  3-6  and  3-7  it  should  be  pointed  out  that,  if  -Cq 
in  Figure  3-5  is  ignored,  tlie  secondary  voltage  of  the  transformer  is  given  by: 

E^'*=  n.  2<A„  = A e^...  -~ 

s 1 0 33i  h 


''  '33,  “3 


3 ( j ) 

N'  -A 

i''  1 ,1  * j * 1, 


1 - ' k 
j 1 


( 103) 


Hence,  E*,^*'is  proportional  to  A 033^  a3  but,  by  Eq.  (73),  e'^*  is  proportional  to 
ATA  . Thus,  while  the  voltage  variables  associated  with  the  waves  on  tlie  trans- 
mission  lines  are  the  electromechanical  transformer's  secondary  voltages 

can  be  identified  with  ATo  , so  Uiat  the  circuit  accounts  for  the  toLil  stress, 

AT3"  . 

Dr.  Ballato  goes  into  several  ramifications  on  drawing  the  network  as 
shown  in  Figure  3-7;  Uiese  will  not  be  dealt  with  here.  All  that  we  emphasize 
liere  is  that,  if  the  transformers  are  placed  at  Uie  ends,  as  shown,  then  tlie 
liolarity  dots  must  be  as  indicated.  111  order  for  this  to  be  a valid  representation 
of  Figure  3-6.  Figure  3-8  shows  the  complete  3-niodc  equivalent  circuit  for 
this  Ir.iction-free  case. 

P’lgure  3-9  shows  Uie  resulting  network  wiUi  the  traction -free  condition 
removed  so  that  the  short  circuits  of  Figure  3-8  are  gone.  Because  it  pertains 
to  normal  coordinates,  the  port  variables  are  superscrijited  wiUi  Hie  degree 
sign,  riie  port  variables  are  numbered  so  that  Hie  left  side  (bottom  or  -li  side 
of  the  crystal  plate)  of  the  transmission  line  supporting  mode  (1)  leads  to  port 
(i^),  wliile  the  right  side  (top  or  ill  side  of  tlie  crystal  pLite)  leads  to  port 
(1  t 3)‘\  Ports  F’  to  6‘’  are  meclianical  ports  and  port  7‘^  is  .111  electrical  fiort . 

We  also  define  V”  and  l‘„’  ( ,7  - 1,2"7)  as  the  voltages  and  currents  appropriate 
to  port  .7  , witli  the  sign  conventions  sliowii  in  Figure  3-9.  At  present,  no  attempt 
is  made  to  match  these  port  varialiles  with  the  stresses  and  displacements. 

In  order  to  obtain  the  imiiedance  matrix  appropriate  to  tins  network  it  is 
conveiiient  to  ri'iilace  the  distributed  transmission  lines  in  Figure  3-9  with  Uieir 
lumped  equivalent  form.  The  equivalent  tee  form  of  the  lossless  transmission 
line,  shown  m Figure  3-10,  may  be  ascertained  by  evaluating  its  open  circuit, 
short  circuit  .ind  transfer  impedances,  and  comparing  thiun  to  tlie  transmission 
line  eciuations.  Using  this  equivalimci'  Figure  3-9  can  be  ri'drawn  as  shown  in 
Figure  3-11. 
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It  is  now  necessary  to  evaluate  terms  of  the  type, 


= Z 


in  the  relation 

(104) 


where  the  Greek  indices  range  from  1 to  7 . Because  this  is  a lumped,  linear, 
passive,  bilateral  network,  and  because  of  the  sign  convention  for  currents  and 
voltage  shown  in  Figure  3-11,  the  overall  matrix  will  be  symmetrical  about  its 
principal  diagonal.  Furthermore,  all  mechanical  port-driving  point  impedances 
will  be  identical  in  form,  differing  only  in  the  mode  index  number.  The  same 
will  be  true  for  all  mechanical  transfer  impedances  connecting  ports  on  the 
same  transmission  line.  Likewise  all  electromechanical  transfer  impedances 
will  differ  only  in  mode  index  number. 

When  the  electrical  port  (7^)  is  open -circuited  so  that  1^  = 0,  Uie  two 
capacitances,  +Co  and  -Cq,  add  together  to  produce  shorts  at  the  piezoelectric 
transformers.  This  completely  decouples  the  transmission  lines  from  each 
other . 


Using  tliis  last  effect  means  that: 

.0 


.o 


= 0 
.o 


.i-0 


I , means  ail  1 , = 0 except  /I  = 4 
4 = 1 to  6 except  4 / u / n ± 3 


( 105) 


Hence 


'12 


= 7 

l""  Z 
'13 

15 

,0  _ 
'16”  ^ 

Z 

21 

0 

23  ^ 

- Z 
^24“'^ 

0 

r.n 

'34 

-^^35 

" "^42 

^43 

^45 

"^^46 

0 

0 

0 . 

54 

^ '^56 

"^61 

"^62 

^^64 

'^65 

26 


^31 


,.o 

^^32 


The  mechanical  driving  point  impi’dances  are 
. ,o 


Z^ 


I 


.,(k)  „(k) 

= Zi  . Z2 

l‘’,  0 


means  all  l”  0 exci'pt  ,(  rt 

r r 


u or  n -3 


( 1 (K? » 
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( 106) 

(continued) 


z“i=  Z 


^22=  2 


^33=  2 


0 

z‘i> 

0 

44  ' 

j tan  Oj 

o 

Z‘2> 

o 

'55  " 

j tan  (>2 

,0 

z'3‘ 

0 

'66  ' 

j tan  ()g 

where 


0.  = 2h  q 

1 


(i) 


The  mechanical  transfer  impedances  between  ports  on  the  same  line  are; 

means  all  = 0 except  - ■ 3 

~ 1 to  3 

k n 


r,  +3 


'!:,3 


,<k) 


z 


o 

. 3 

. 3;  7! 

t> 

1) 

14 

'''41 

J 

Sin 

o 

,,o 

•/'2' 

o 

25 

'^52 

J 

sin 

u 

.,o 

z'"' 

() 

■3() 

'^63 

1 

sin 

(107) 


This  accounts  for  .ill  Die  imjied.inces  except  those  related  to  the  electric.il 

port . 

With  .ill  the  mech.inical  ports  open -ci rcuited  .ill  tlie  eli'ctrical  mei  li.inic.il 
transformers  .ire  open-circuited,  so  tlial  no  current  c.in  flow  throui;h  - Cq. 
Hence  the  electric.il  port  driving;  point  imped.ince  is 


,.o 


Z 


77 


j a’C 


0.,)/7 


( 108) 
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H 

• V 


i 


The  electromechamcal  transfer  unpecUinres  are 


'7:ii 


..o 


and  1. 


;7 


( loyi 


1 O.p/7 


With  all  the  p<jrts  open -circuited  except  nieclianical  port  n , Uie  diiIn  current 
flowing  IS  that  at  port  n . I'his  current  must  flow  throui;h  llie  eleclronu'chanical 
transformer  closest  to  port  a with  turns  ratio  1 to  n . or  J ton  „ ,3.  Itiis  pro 
duces  a primary  j^urrent  of  n j.  f^  or  .3I-  flowing  out  of  the  poLiriti  dot 
terminal,  since  0.  This  current  must  flow  Uirou^h  C„  and  prixluce  a volume 


A similar  argument  can  Im'  empto\ed  to  determine  / 

o 


n 1 n ,,  I 

n !t  n -J  s 

j-Cc  7 

since  1*^  must  flow  throu^f)  (-'jj  to  produce  a primai  N voltatte  ^ 

n 1*^  n I** 

secondary  volUine,  ir  *7  or  " -3*7  , in  reLitioii  to  die  poLiiit\  dot 


I. 

1 

J-< 


01  a 


o o 

the  transformers,  fhis  yofUiKe  appears  .it  p<»rt  a-  a lofi.ite  \ 
.0 


" !7  -34 


n U 

I 

I .< 


Z 


,0 

0 

"1 

17 

^^71 

'7-1 

^ ‘0 

,0 

y" 

y" 

y" 

"2 

'27 

'^72 

^7^1 

,0 

..0 

"3 

37 

"^73 

'■76 

'•‘'^0 

hat 

all  Uie 

terms 

ill  this 

niatri 

I Id 


to  show  it  represents  Uie  norm.il  cooniin.ite  m.itrix  lor  .1  pie/oelei  trie  pl.ite. 


hollowitiK  the  earlier  an.iloi;\  to  .1  I r.insmission  line  in  K<|.  < 7ti  t,  let 


Al'.’ 

3i 

1 -h) 

( - 

1 1.2.3) 

v" 

at'.!  I 

3i 

1 .h) 

( ,7 

i . 3 4.6.6) 

(III) 

v'; 

v" 

'7 

( 7 

7) 

where  ( th)  refers  to  the  values  of  T3[  at  the  upper  or  top  of  Uic  plate  and  Uie 
lower  ( bottom t surfaces  of  the  plate,  respectively.  The  choice  of  V’s  here  per- 
tains to  the  total  stress,  T^j  , and  not  simply  the  wavy  portion,  T^,.  as  in 
Equation  (76). 


The  currents  are  Uiken  as 


•0 

= - u 

1 

( -h ) - 

0 

-Ja.'U 
^ 1 

( -h*  <£  = 1 - 1,2,3) 

■I 

u 

♦ u 

11 

( *ht  ^ 

0 

>JaU. 

^ 1 

< Wi*  (£  = 1 + 3 - 4,5,6* 

<112* 

< £ 

7*  , 

where  uj*  ith*  attain  refers  to  values  of  u,’  at  X3  1 h.  The  reason  for  the  si^n 
reversal  in  the  equ.itions  for  iV  , atnive,  is  that  it  is  desirable  to  define  the  port 
currents  as  Immiih  directed  into  the  positive  volt.ii;e  terniiiul  of  a port,  while  Uie 
traiisiiiiMsion  line  equations  (which  Fq.  t76>  represents*  do  not  allow  the  sense 
of  the  cum*nt  to  clutiiKe  with  respi-ct  to  the  lolLiue,  as  Uie  waie  progresses 
down  the  lin*-. 

WiUi  these  choit  es  of  varialiles  the  iin|>edance  ni.itrix  elements  detn-nd  on 
quotients  III  stress  componiuits  and  com|>onents  of  dispLicement  in  tfie  norm.il- 
( (Mirdin.ite  s\siem,  and  are  mven  ti\ , 


V^ilfi  ihe-i  ciefiniliiNis.  when  ali  the  currents  exi  ept  I7  are  equ.1l  to  rero 
we  are  forciiii:  all  the  dispUcemeiit  components,  .it  the  top  and  liottom  l.ices  ol 
lh«'  pLite,  in  the  normal  c»Mirdin.ile  Ir.imework.  to  Is-  zero  I'his  cor res|Kiiid.s 
to  compleielv  cLimpmc  Ihi'  pl.ite  .it  the  lop  .ind  iMittom  surfaces  so  lh.it  the  pl.ite 
c.innot  move  Hn  refore  we  do  not  expect  to  Is-  the  r(‘cipriM'.il  ot  N ( IT  1M> 

in  fq,  ‘ W'ii,  siiici-  it  w.is  ilerived  on  the  Ir.iclion  free  Imsis,  where  the  s\resses 
e.inishi'd  in  the  norm.il  oMirdinate  svstem  .ind,  hence,  for  that  c.ise  the  pl.ite  was 
completiTv  free  to  nKive. 

1 ••ttiiiK  ii‘,^  (l  1.2. 3*  to  Ih‘  identic.llh  zero  eve  r\ where,  s.ltislies  Kq.  ( Sill 

.ind  reduces  fq,  ( h2  > hi 


I he  iKiund.irv  condition  is  t)i,il  l.^  1 .it  X3  ih  can  onlv  be  s.itislied  if 


1.3  0 


( llf)> 


a 0 h . 
a 0 


Specializing  Eq.  (8)  to  the  3 -direction  by  letting  i = k = 3 and  then,  sub- 
stituting Eq.  (53),  yields 

^3  ^ '^33  ^^3  • ‘ 


li 

h 

(117) 


'l-K  ■ 

So  Eq.  (113)  becomes 


For  this  case,  using  Eq.  (92), 


I = -j<^AD„  = 


= jicA  tgg  = ja'A  too 


33  % ’ 


and 


20 

o 

J ‘33  ^ 
h 


1 


(118) 


where  l!q.  (94)  w.is  employed. 

I'he  rem.iining  impedances  require  one  of  Uie  uj’ lo  )>e  finite  and  the  oUier 
two  to  Im-  zero.  This  obviously  satisfies  Eq.  (59)  for  the  two  u,  0 component.s 
and  makes  four  of  Uie  mechanical  currents  equal  to  zero.  I'he  fifth  component 
1)1  mechanical  current  can  be  made  to  vanish  if  the  non -zero  u‘^  is  chosen  to  be 
zero  .it  tfi<‘  appropri.ite  surface  < th)  and  non -zero  at  the  other  I * h).  This  can  tie 
.iccomplished  l)v  choosing  tfie  non-zero  u\*  as 

u"  II  sin  q* ' * ( h tx.,)  . 

1 1 3 

liowi'ver.  we  .ilso  require,  for  these  imjied.inces,  lti.it 
.ind  (116)  tins  means  Ui.it 

I7  J^'A  t‘22  ‘‘3=0  - 

or  a3  = 0 . 


t 119) 

0.  Using  Eqs.  ( 92) 


( 120) 
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Substituting  this  requirement  into  Eq.  (58)  leads  to 


-o  ( i ) o 

^i’3  ’ 


(121) 


for  the  case  under  consideration. 


Hence,  the  normal  coordinate  stresses  corresponding  to  Uie  zero  compo- 
nents of  normal  coordinate  displacements,  u°  , of  mode  index,  i,  are  zero  and 
so  are  V^,  corresponding  to  these  mode  indexes  from  Eq.  (Ill),  and  the  cor- 
responding of  Eq.  (113). 

For  example,  hike 


U2  = Ug  = 0 (122) 

Uj  = sin  (h-Xg)  , 

so  that  Eq.  ( 112)  gives  = 1°  = = 0,  and  let  = 0.  Eq.  ( 121)  requires 

that  2 J 5 b 7 

^32  ^ ^33  ^ ® 
so  Uiat,  from  Eq.  (Ill), 


= v'’  - = 0 

2 3 5 6 


Tlie  choice  for  Uj  in  Eq.  (122)  leads  to 

l^j  -ju.’u'j  ( -h ' -J-iUj  sin  (21u/^S  - -ju.'Uj  sin 


I..'u^(di)  0 

4 


T,o  (Do  (1),,  (1)  ( 1)  ,,  , 

T31  ‘ ^1.3  '*'-'3’  • 


Substituting  this  value  of  r3j  into  Eq.  (Ill)  gives 

I •r'^'  ,11  ' ' 1*  A II  I ' I < ,T 

'1  Al3j<-b)  -c  >1  AUjCost/;  2h)  c AUjCoslij 


,,o  . „.o  , , , ( 1 ) ( 1 ) ,,  . 

V ^ A 1 2 j < ♦ h ) = -c  t]  U j A . 


( 126) 
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Then,  froniEqs.  (113)  and  (124) 


cos  ( (ll  f x„)  I] 


This  leads  to 


VV  =ATo,  (-h)  = 


,0 

1 


^31 


(1)  (1) 


(1), 


=AT2j(+h)  = c I]  A cost  7/  2h  ) 
Substituting  these  values  into  Eq.  (113)  leads  to 


44 


,(1) 


j tan  Oj 


= Z 


11 


'14 


1 

o 

4 


Q = 7° 

j sin  41 


,0  ,,o 


while  the  requirement  tliat  u2  = U3  = 0 still  requires  V - V = V = 
Hence, 


7^  - 7^  - 7*^  - Z^  - 0 

^24  " ^34“  ^54"  ^64  “ ' 


It  is  now  obvious  that  repeating  this  procedure,  using  u^  and  u; 
uj  in  Eqs.  ( 122)  and  (132),  and  setting  u®  = 0,  will  yield: 

„(2) 


'22 


'25 


= Z 


= Z 


55  j bin  (*2 

„(2) 


o 


52  j sin  (»2 
„(3) 


'33 


= Z 


66 


j U>n  fig 


^36 


Z 


Z<3’ 

o 


63  ~ j sin  fig 


'15 


z""  - z""  - z" 

^35  ■ 45  ■ ^65 


- 7^*  7^  - 7^^  7^  0 

~ '^le  26'  46'  ^'56 


( 134) 


( 135) 


(136) 
in  place  of 


( 137) 


Thus,  all  the  elements  except  Uie  electromechanical  transfer  impedances  have 
been  calculated. 


These  can  be  obtained  by,  again,  requiring  = 0.  Using  Eqs.  (92)  and 
(116)  Leads  to 


o s 

= -j  o-'ACg  = ja'A  £^2  a^  = 0 


(138) 


so  Uiat 


a3  = 0 . 


If  Uiis  value  is  substituted  into  Eq.  (62)  it  becomes 


, p3k3  \ o 

V^/ 


whore  tlie  sum  over  k is  to  be  taken. 


( 140) 


Witli  tlie  sign  convention  adopted  in  Figure  9, 


''7  ■ ^''''(X2=th)  ■ ''Nx2=-h)  J • 


( 141) 


If  the  choice  for  mechanical  displacements  in  Eq.  (122)  is  made  Eqs.  ( 140)  and 
( 141 ) become 


(.'>  = ■ 


313  o 


Uj  ibf 


( 142) 


0 

0 

313  n , , . 

''313 

u,  ( +h)  - 
s 1 

s 

‘33 

^33 

u"(  -h) 


which,  for  this  p;irticular  choice  for  the  form  of  , leads  to 


o 

,.o  *‘'313  ,,  . , (1).,,  . 

V ^ sin  ( i;  2 h ) . 

‘33 


( 143) 


When  Eqs.  (143)  and  ( 125)  are  substituted  into  Eq . (113), 


( 144) 


J^'‘33 


where  Kqs  . (94)  and  (102' have  been  used. 
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r 


If  the  choice  of  ui  in  Eq.  (132)  had  been  made,  then 
o 


(1), 


V°  = Uj  sin  2 h)  , 


(145) 


■33 


while 


1°  = jcoUj  sin  (77^^^2h  ) 


(146) 


This  leads  to 


'313 


74 


jwe 


33 


( 147) 


Again  it  is  obvious  that  repeating  this  procedure,  using  U2  and  Ug  in  place 
of  uj  in  Eqs.  ( 122)  and  ( 132),  and  setting  u^  = 0,  will  result  in 


Z°  = 7.^ 


72  “ “75  jwC 


2®  - 7° 

^73  " ■^76 


(148) 


While  it  should  be  possible,  in  a similar  fashion,  to  show  that  Z ^ 7 = , 

the  requirement  that  this  matrix  must  be  symmetrical  about  the  principal  diagonal 
will  be  used  here . 


The  goal  has  finally  been  achieved.  The  equivalent  circuit  of  a thickness - 
excited  thickness  mode  plate  in  the  normal  coordinate  reference  frame  is  shown 
in  Figure  3-12  (which  is  identical  to  Figure  9).  The  Normal  Coordinate  Im- 
pedance Matrix  of  this  plate  is  given  in  Figure  3-13. 


In  this  matrix  the  parameters  of  interest  are: 


0.  = 2 h ?7 


(1)  2hw 


(i) 


(149) 


(i) 

T)  = u; 


(i) 


(i) 


(20) 
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Figure  3-13.  Normal  Coordinate  Impedance  Matrix  of  a TETM  Plate 
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(i) 


(i> 


= velocity  of  propagation 


„(i>  . (i) 

Z = Ap  V 
o 


J ^ 

L^pc 


= A <33/2'' 


"i  • Aejj/an 


(i) 


'33i 


V 


s ( i ) 
*33^^ 


= coupling  coefficient 


(72) 

(76) 

(94) 

(102) 

(88) 


o \ ,(i)  , (i)  3 (i)  , (i) 

^33i  ” ®33j”'^l  ^331  *^2  ^332  ^ 3 ^333 


(46) 


2h  = plate  thickness 
A = area  of  concern  Jl  to  thickness 
p = plate  material  density 

In  expressions  (94),  (102),  (88)  and  (46)  the  choice  of  X3  in  the  thickness 
direction  selects  the  coefficients;  for  an  arbitrary  direction  m they  become 


C = A e®  /2h 

0 m m 

(94a) 

n.  = Ae°  ./2h 

1 mnu 

(102a) 

, (i)  .0  /Is  (i) 

k =Ae  ./We  c 

mmi  1 mm 

(88a) 

e°  e . using  the  sign  convention  (46a) 

mmi  j mmj  ^ ^ 

A convenient  expression  for  the  turns  ratio,  Oj, 
(72),  76),  (88),  and  (94); 

can  be  obtained  by  using 

o ,.,2  (i) 

(n.)^  = C Z (k  ‘ ) . 

100  2h 

(150) 
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From  Eq.  ( 149)  it  is  obvious  that  all  the  non -zero  terms  in  the  normal 
coordinate  impedance  matrix  are  frequency-dependent.  Thus  it  is  not  practical 
to  calculate  the  elements  of  this  matrix  as  a separate  identity,  since  it  would 
have  to  be  carried  out  for  each  frequency  of  interest. 

However,  in  working  with  equivalent  circuits  of  piezoelectric  plates  and 
describing  material,  it  is  usual  to  describe  their  piezoelectric  properties  in 
terms  of  coupling  coefficients,  velocities  of  propagation,  dielectric  constant 
and  density.  But,  in  order  to  use  the  normal  coordinate  matrix  of  Figure  3-13 
in  terms  of  already  available  constants,  the  properties  must  be  specified  in 
terms  of  the  mode  eigenvalves  and  eigenvectors  as  well  as  the  appropriate  tensor 
piezoelectric  stress  constants  and  dielectric  constant. 

These  constants  are  available  from  the  running  of  the  previous  programs, 
CROT  and  SYMEIG.  Hence  it  is  worthwhile,  at  this  point,  to  accumulate  the 
required  information  for  the  characterization  of  a pLite,  in  the  normal  coordinate 
framework,  and  convert  it  to  tlie  more  usual  form  of  coupling  coefficients  and 
velocities.  The  program  VCOUP,  listed  in  Table  3-12,  accomplishes  this  task. 
Again,  the  program  has  been  written  so  that  it  is  self-explanatory. 

Line  160  is  an  index  to  keep  track  of  the  plate  under  discussion,  since  a 
multimode  filter  consists  of  several  plates,  which  may  or  may  not  be  identical. 

Lines  165  through  290  are  the  input  points  for  entering  the  output  from  the 
appropriate  running  of  SYMEIG.  Lines  295  through  330  are  the  input  points  for 
the  output  from  the  last  part  of  the  printout  of  CROT,  for  the  material  cor- 
responding to  the  run  of  SYMEIG.  Line  325  is  the  input  point  for  the  density 
of  the  plate  under  consideration. 

All  the  program  does  is  use  Eqs,  (46),  (72),  and  (88)  to  make  the  appro- 
priate calculations . 

Table  3-13  shows  the  output  of  VCOUP  for  two  plates.  In  the  example  the 
material  in  both  cases  was  AT -cut  quartz,  witli  X3  in  the  thickness  direction,  so 
the  only  difference  in  data  is  the  plate  label.  The  output  consists  of  all  the  in- 
formation about  the  plates  under  consideration  for  the  multimode  stacked  filter 
required;  so,  at  this  point,  it  is  possible  to  discard  all  previous  data. 


TABLE  3-12.  LISTING  OF  PROGRAM  VC0UP  FOR  THE  CAL- 
CULATION OF  NORMAL  MODE  VELOCITIES 
AND  COUPLING  COEFFICIENTS 

1(11)0  10  CALCULAIK  1 Hh  vtL0CIlItb  ANU  (jflUHLIMG 

lOIC  IClt'Jlb  f OK  MK  'leotb  01-'  A HLAft  K0K  (JSK 

lOfiC  IM  (■0K'HM(J  Mt;  ')0KMAL  '10UK  ^AIkM 

1100  II  UbtG  Ab  IMHUl  Mt  tlGtNVALUtb  (tV)  AMU 

1110  tIGt'JvEOi  0Kb  (b’b)  .VI  IH  M£  OOMFOMtMIS  0K 

1 MO  Vb.O10K  blOKtU  Mr  C(?LU'^M:'  hKO'l  SY'ltlG 

Mi)o  n ALbO  Ubtb  Mt  PIt^0tLtOlKlO  biKtbb  OOVblAMlb 

1^10  AMU  UlbOEOMlO  Pt.vMl  1 1 I V 1 1 Y APPk0P<1AIE  10  IHE 

M^)0  Ul‘'toll0\l  0K  PrtOPAGAllOM  rMOv)  CKOI  AS  *IEtL 

MOO  Ab  Mt  utMbllY  Mt  PLATt.  UMutK  0 OMS I UEk  A 1 I 0 g 

140  uMc.gbI0M  tVC  A ) . M<  A,  J)  , tf  J) 

IbO  UMtMblOM  t g(  A)  . O U A Y , X-<  ( A) 

IbbO  tMltK  PLAlt  gUMH►'^  HLKt.  1 = 1 1(3  A 

160  1=1 

16bO  OlGtMVALUtb  LVC'^Out) 

I/O  t Y ( I ) =0.  c:9iiA9;_VMr,  1 I 
MU  tv  (4  ) = 0.  JA^bOAc;  1 t 1 1 
190  tv(3)  = U.  1 JOM  1 44t  1 d! 

dlOOO  LiGtMVt.C  1 0Kb  M(O0‘3POg£Ml  ,M0Ut)  «( 1 1 H Mt  O0AP0gtMrb 

<^010  b 0K  kAOH  M0UE  blOKl-.U  MY  Oiai.U'IVb 

^ 1 0 b C 1 , 1 ) = 0 . 1 1 1 

^^0  M ( c! . 1 ) = 0 . 0 

^3A0  MCA,  1 ) = 0.0 

P40  H(  1 , c!Y  =0.  0 

l^bO  Hf  ii ) =O,99AO6b40 

^60  M(  A.  U)  =0. 6.n  7.:!4b  1 1- 1 

.-‘fO  A Y 1 . 0 ) = 0 . 0 

^HU  AY  = -0. 69  1 /^4b  1 1-  I 

P90  M{ A, A Y =0. 99 AO6b40 

t/AbO  PltYOELEOMIO  blKtbb  OOgSlAMIb  b 0^  Mb  APPr^OPK  I A | t 

fd960  PkOPA(SA1I0M  U1KEOU0M  J bK00  OkOI 

k!9/0  t(  I ) = ttt(  J 1 1 ),E(.-!Y=tttt  1 li;Y,t(AY=ttt(  1 I AY 

JOO  t(  1 ) = -0.949  l4S67t-  1 

JIO  tfb!Y  = 0.0 

A20  tCJY=0.0 

AAbO  Ulc.l_c.O  IKIO  OOVSIAMI  EPblf  11)  bK0«1  CK0I 
AJO  tP=0.39A16<;A6t- 10 
AAbO  UEMjirY  0r  TAt  PLAlt  MAfEKlAL 
J40  UI=2.649EJ 

AbbO  CALOULAlt  MOiMAL  M0UE  P 1 1 7 0tL  tO  I K I C blKESS 

Ab60  OOMblA.MIb  tM(M0utY 

360  UO  2 3=1.3 

3/0  tN(  IY  = 0.0 

3H0  U0  2 /<=1,3 

390  EMY  IY  = M(><,  lYitb  (KY  + tVYJ) 

400  2 0 0'V  1 I gut 

4lb0  OALOULAIt  OOijPLig'j  OOtcrlOItgib  KKYMOUt)  AMU 
4160  VtL0OIlltb  OUMOuE) 

420  U0  3 3=1,3 

430  X-<f  I Y =bUK  I ( EMY)  Y + tMCI  Y /(  tP*tV(3  Y Y ) 

440  C 1 f3Y=bOKl (tVCIY /Ul Y 
4b0  3 O0M 1 I Mut 
460  MkI  I b.(  6.  1 OOY  I 
4/0  .g«I  lt(6,  1 lOY 

490  MKllt(6.120Y  1 , XK  < 1 Y , 1 , XK  (2  Y , 1 , X'XCO  Y 


a 
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TABLE  3-12  (Cont’d) 


^9  0 1 tC  ti.  1 30) 

:>()  ) Wi-<1  I e.<6.  1 40)  1 .0  i f 1 ) . J .0  1 (>>),  I , 0 I ( 3) 
i I 0 /J.'U  I t.(  6.  1 30)  I , UT 
bc!0  WKl  I e.(6.  1 60)  1 . EP 

330  .•JiU  TE(6.  1 70) 

bAO  Vhllt.f6,190)  I.b(l»l).I.H(l,-J),!.H(l,3) 

330  .•7t<n  EC  6.  1 90)  I , H(  p,  1 )»  I . <>>  , 1 , bCi>,  J) 

360  vJ3!IE(6»c^OO)  I>b(3j|)*l»U(3#Ici)»I*OCv)#3) 
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TABLE  3.13.  RESULTS  OF  VC0UP  FOR  2 PLATES  OF  AT  CUT 
QUARTZ  WITH  X3  IN  THE  THICKNESS  DIRECTION 
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TABLE  3-13.  (Cont'd) 
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D . TEtA NS  FORMATION  TO  ACTUAL  PLATE  COORDINATES  FROM  THE 

NORMAL  COORDINATE  SYSTEM 

After  the  difficult  trail  in  tlie  previous  section,  to  go  from  the  actual  plate 
coordinates  to  normal  coordiiuites , we  now  return  to  actual  plate  coordinates. 

The  normal  mode  equivalent  circuit  of  Figure  3-12  and  the  corresponding 
impedance  matrix  in  Figure  3-13  have  left  the  port  variables  expressed  in 
terms  of  the  normal  coordinate  stresses  and  displacement  components.  For 
practical  use.  an  equivalent  circuit  and  matrix,  with  the  port  variables  expressed 
in  terms  of  the  actual  stresses  and  displacement  components  applied  to  the 
plate,  is  needed. 

Equations  44,  45,  47  and  48  provide  the  mechanism  for  carrying  out  this 

task. 


The  matrix  equation  pertinent  to  the  normal  coordinate  impedance  matrix 
of  Figure  3-13  is  shown  in  Figure  3-14  in  symbolic  form.  In  this  representation 
the  appropriate  form  of  the  normal  coordinate  impedance  element  can  be  deter- 
mined by  comparing  it  to  Figure  3-13.  In  Figure  3-14  the  correspondence  between 
the  normal  coordinate  equivalent  circuit  variables  and  normal  coordinate  plate 
variables  e.xpressed  by  Equations  111  and  112  is  also  shown,  along  with  a sym- 
bolic representation  of  the  matrix  operation. 

Figure  3-15  shows  the  matrix  interpretation  of  the  tensor  equations  for 
the  Normal  Coordinate  transformation  in  Equations  44,  45,  47  and  48.  In  this 
figure  I ;3  1 1 represents  the  transpose  of  the  matrix,  | ] , which  is  obtained 

by  interchanging  rows  and  columns  of  the  matrix.  This  terminology  agrees 
with  the  way  the  eigenvectors  from  SYMEIG  were  stored  in  NORM  and  VCOUP. 

Figure  3-16  shows  how  the  augmented  matrix  of  this  transformation  would 
look  in  terms  of  the  Equivalent  Circuit  Port  Voltages  when  the  Actual  Plate 
Voltage  Coordinates  are  expressed  in  terms  of  the  Normal  Coordinate  Plate 
Voltages.  This  transformation  is  carried  out  by  evaluating  Equation  47  twice, 
once  at  the  right  side  (top  of  the  plate)  where  X3  = +h  and  once  at  the  left  side 
(bottom  of  the  plate)  where  X3  = -h;  then  we  apply  the  definitions  in  Equation 
111  to  the  result.  In  carrying  out  this  expression  the  obvious  corollary  to 
Equation  111  has  been  applied  to  the  actual  plate  variables.  After  performing 
these  two  transformations  they  were  written  in  a manner  that  yielded  the  desired 
7x7  matrix.  This  resulted  in  the  expression, 

f Vi  = I B]  [ V°|  , (151) 

where  [ B]  is  related  to  ( /3]  as  shown  in  Figure  16.  Figure  3-16  also  shows 
the  relationship  of  the  components  of  j ] to  the  bjj  components  of  | B]  . 

Figure  3-17  shows  how  the  augmented  matrix,  for  expressing  the  normal 
coordinate  equivalent  circuit  port  currents  in  terms  of  the  actual  coordinate 
equivalent  circuit  port  currents,  would  look.  A comparison  of  this  figure  with 
Figure  3-16  shows  that  the  matrix  in  Figure  3-17  is  equal  to  the  matrix  of 
Figure  3-16,  with  the  rows  and  columns  interchanged.  However,  this  is  the 
definition  of  a transpose  of  a matrix;  hence  the  symbol  | B)  t is  used  in 
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Figure  3-14.  Matrix  Equation  of  the  Normal  Coordinate  System 


Figure  3-16.  Matrix  Equation  of  Actual  Coordinate  Port  Voltages  in  Terms  of  Normal  Coordinate 
Port  Voltages 


Figure  3-17.  Matrix  Equation  of  the  Normal  Coordinate  Port  Currents  in  Terms  of  Actual  Coordinate 
Port  Currents 


Figure  3-17.  The  operation  shown  in  Figure  3-17  results  in  the  exjjression, 

\f]=\B]^\l]  (152) 

The  matrix  equation  of  Figure  3-14,  for  the  Normal  Coordinate  Equivalent 
Circuit  Port  Variables,  is 

fV°l  = f Z"|  (I°]  . (153) 

If  the  actual  coordinate  equivalent  circuit  port  variables  are  represented 
by  the  matrix  relation  in  Equation  154, 

[ VI  = f Z]  fll  • (154) 

Equations  151,  152,  and  153  can  be  used  to  find  the  relationship  between 
the  actual  coordinate  impedance  matrix  f Z]  of  Equation  154  and  the  normal 
coordinate  Impedance  matrix  j Z°]  of  Equation  153.  Replacing  [ I°]  of  Equa- 
tion 153  by  its  Equivalent  in  Equation  152,  yields 

1 V°1  = fZ°l  [Blj  \l]  . (155) 

If  ( V°]  in  Equation  155  is  now  pre  multiplied  by  | B]  the  result  is 

|V|  =1B1  (V'^l  =[B1  fZ^^l  fB]JI|  =[Z1  in  • (156) 

The  identity  in  Equation  156  clearly  establishes  the  relationship  between  the 
actual  coordinate  impedance  matrix  and  the  normal  coordinate  impedance 
matrix  as 

( ZI  = [B]  f Z°]  f Bl^  . (157) 

The  operation  expressed  in  Equation  155  is  shown  in  Figure  3-18,  where 
the  appropriate  matrix  multiplication  technique  has  been  employed.  This 
figure  shows  the  matrix  elements  expressed  in  terms  of  the  eigenvector  com- 
ponents and  the  bij  elements  of  the  [ B]  matrix  in  Figure  3-16.  Figure  3-19 
shows  the  operation  expressed  in  Equation  156,  carried  out  in  terms  of  the 
bjj  elements  of  the  | B]  matrix. 

The  symmetry  inherent  in  this  Actual  Coordinate  Impedance  matrix  is 
shown  in  Figure  3-20.  The  variables  here,  may  be  identified  by  comparing  them 
with  the  corresponding  terms  in  the  matrix  of  Figure  3-19. 

After  performing  the  operation  of  multiplying  the  matrices,  it  is  rela- 
tively easy  to  write  expressions  for  the  elements  in  the  actual  coordinate  im- 
pedance matrix  in  terms  of  the  elements  of  the  normal  coordinate  impedance 
matrix  elements  defined  in  Figure  3.13. 
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Figure  3-19.  Matrix  Relating  Actual  Coordinate  Voltage  Variables  to  Actual  Coordinate 
Current  Variables 
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Figure  3-20.  Actual  Coordinate  Impedance  Matrix 
For  j and  m ranging  from  1 to  6 the  appropriate  expression  is, 

Z.  = b Z°  b = , 

jm  qp  pk  f p ' q pk  ' P ’ 


r(p) 


with 


and 


pk  j tan  9 
^(P) 


(P) 


pk  j sin  9 


(P) 


for  k = p 


for  k = p + 3, 


where  the  variables  take  the  values  shown  below. 
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For  j or  ni  equal  to  seven,  the  equation  is. 


Z,  = ^ b Z°  = , 

p-^1  qp  p7  p“j  ' q p7  ’ 


with 


Z°., 

P' 


(p± 

V-» 

O 


where  the  variaoles  take  the  values  shown  below. 
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For  both  j and  m equal  seven  the  equation  is 
,0  1 


^77  ^77  jwC 
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(159) 


(160) 


This  impedance  matrix  is  all  that  is  required  to  specify  the  plate  in  the 
actual  coordinate  framework:  however  it  would  be  nice  to  represent  the  normal 
coordinate  equivalent  circuit  of  Figure  3-12  as  an  Actual  Coordinate  Equivalent 
circuit.  To  do  this,  a network  representation  of  the  orthogonal  transformation 
of  Equations  44,  45,  47  and  48  is  needed.  Such  a representation  is  available. 
Carlin  and  Giordano  | 18  | show  that  a congruent  transformation  of  a Z matrix 
(CjZC,  where  C is  an  n x n array  of  real  values)  can  be  represented  as  a multi- 
winding ideal  transformer  interconnection  of  the  ports  of  the  network.  The 
orthogonal  transformations  of  Equations  44,  45,  47  and  48  satisfy  this  condition 
since  = /1"1  and.  incidentally,  so  does  the  coordinate  rotation  shown  in 
Figure  3-2  and  Equations  29  and  30.  For  the  case  of  a 3 by  3 array  this  multi- 
winding  ideal  transformer  is  shown  in  Figure  3-21.  This  figure  may  be  re- 
versed. with  the  primary  labeled  with  the  superscripted  variables  upon  inter- 
changing sub  and  superscripts  on  the  components  of  p (replace  the  components 
of  p by  the  corresponding  components  of  /l^)  for  the  transformer  turns  ratios. 

Applying  this  transformation  to  both  plate  surfaces  of  the  crystal  leads 
to  the  actual  coordinate  equivalent  circuit  shown  in  Figure  3-22. 

Again,  all  the  terms  in  the  Impedance  matrix  of  the  actual  coordinate 
Equivalent  Circuit  shown  in  Figure  3-20  are  frequency  dependent  and,  hence, 
there  is  no  point  in  calculating  them  as  a separate  identity.  Note,  also,  that 
in  the  general  case  every  element  is  present  in  this  Impedance  matrix,  whereas 
a large  percentage  of  the  elements  of  the  normal  nuxie  impedance  matrix  of 
Figure  3-13  are  zero. 
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Figure  3-21.  Ideal  Transformer  Realization  of  an  Orthogonal 
Transformation 
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Actual  Coordinate  Equivalent  Circuit  for  a TETM  Plate 


E. 


MULTIMODE  STACKED  HLTERS  ANTD  MODE  PROGRAMS 


The  actual  coordinate  impedance  matrix  for  the  TETM  plate  in  Figure 
3-20,  or  the  equivalent  circuit  shown  in  Figure  3-22,  are  all  that  are  required 
for  an  investigation  of  the  multimode  filters  of  concern  in  this  program. 

Such  a multimode  filter  consists  of  a group  of  such  plates  bonded  together.  If 
this  is  done  with  the  actual  coordinates  of  one  plate,  lined  up  with  the  actual 
coordinates  of  the  preceding  one,  etc.,  the  cascade  consists  of  the  equivalent 
circuit  of  Figure  3-22,  where  the  ports  1,  2,  3 of  the  nth  plate  (numbering  left 
to  right)  are  connected  to  ports  4,  5,  6,  respectively,  of  the  n-1  plate,  with 
a prescribed  network  between  them  to  account  for  the  bond  and  to  assure  con- 
tinuity of  stress  and  displacement  (velocity)  across  the  boundary.  The  bond 
would  be  represented  by  a lumped  constant  T -version  of  the  transmission 
line  section  shown  in  Figure  3-10.  However,  in  general,  bonds  are  lossy  so 
that  the  j-nmltiplied  trigonometric  functions  shown  are  replaced  by  hyperbolic 
functions  and  the  propagation  constant , 6,  becomes  complex.  The  values  for 
Z^)  and  also  depend  on  the  mode  of  propagation,  so  that  a different  circuit 
is  required  at  each  group  of  ports.  The  filter,  in  this  case,  is  then  completed 
by  connecting,  at  least,  one  of  the  resulting  electrical  ports  to  a voltage  genera- 
tor with  internal  impedance,  Zg  and,  at  least,  one  other  of  the  ports  to  a load 
impedance,  Zf  . The  other  electrical  ports  are  connected  as  desired.  Of 
course,  in  the  abox^e  description  there  is  no  requirement  for  the  nth  plate 
parameters  to  bear  any  relationship  to  the  plate  parameters  of  any  other  plate. 
However,  this  description  does  require  that  tte  actual  coordinates  of  each 
plate  are  lined  up. 

Even  in  the  more  general  case  the  thickness  coordinate  of  each  plate  in 
the  stack  must  be  lined  up.  In  this  discussion,  each  plate  is  assumed  to  have 
its  X3  coordinate  in  the  thickness  direction,  so  that  this  coordinate  will  be  lined 
up;  however,  the  only  requirement  for  the  X]^  and  X2  axes  are  that  they  form  a 
right-hand  rectangular  coordinate  system  with  the  X3  axis.  So,  in  the  general 
case,  the  lateral  coordinates  of  one  plate  do  not  have  to  coincide  with  those 
of  the  next  plate.  This  more  general  situation  is  illustrated  for  a two  layer 
stack  in  Figure  3-23.  The  relationship  between  the  axes  shown  in  this  figure 
can  be  determined  from  Figure  3-2  and  are  obtained  from  Equation  27.  Since 
a coordinate  rotation  about  a common  origin  is  an  orthogonal  transformation^^'^) 
it  can  be  represented  by  the  ideal  transformer  network  shown  in  Figure  3-21. 

In  the  particular  case  of  coordinate  rotation  about  a common  X3  axis,  this 
general  network  reduces  to  the  simpler  one  shown  in  Figure  3-24,  Figure  3-25 
shows  the  equivalent  circuit  for  a two-layer  stack,  without  a bond  network 
between  them,  for  two  of  the  equivalent  circuits  for  the  plates  shown  in  Figure 
3-22,  connected  together  with  an  arbitrary  rotation  about  the  assumed  thickness 
direction.  Figure  3-25  assumes  that  the  coordinates  of  the  plate  on  the  left 
are  the  reference  coordinates.  In  any  multi-element  structure  of  this  type  one 
plate  must  be  used  as  the  reference  frame  for  the  total  system.  If  the  structure 
is  visualized  as  being  built  up  in  pieces,  from  left  to  right,  it  seems  only  logi- 
cal to  choose  the  first  plate  coordinates  as  the  reference  framework.  The 
lack  of  a bond  network  in  this  figure  assumes  that  the  plates  are  in  intimate 
contact  with  a rigid  or  welded  contact  between  them,  or  that  a lossless  bond  of 
negligible  thickness  has  been  used.  One  other  observation  should  be  made  with 
regard  to  Figure  3-25.  The  electrical  port  variables  have  been  turned  around 
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Figure  3-23,  Two-Layer  Stack  of  Crystal  Plates  Showing  Relative  Rotation 
About  Common  Axis 


I; 


Figure  3-24.  Network  Realization  of  a Coordinate  Rotation  About  Xg 
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between  the  two  pUites.  This  could  be  brought  abou'  in  one  of  two  ways;  (1) 
either  one  plate  could  be  reversed  with  respect  to  the  other  or,  (2)  if  the  port 
numbering  system  shown  in  Figure  3-25  is  used,  an  ideal  transformer  with  a 
1 to  1 phase  reversal  would  have  to  be  inserted  between  the  port  variables 
shown  and  the  plate  connections,  and  then  ignored. 

In  the  work  to  follow  it  is  this  configuration  in  Figure  3-25  that  is  pro- 
grammed. with  the  phase  reversal  transformer  ignored  and  an  intimate  or  rigid 
bond  between  plates  assumed.  As  pointed  out  previously,  conceptually,  the 
inclusion  of  bonds  is  not  a difficult  task;  however,  they  do  complicate  an  already 
complicated  circuit  and  tend  to  complicate  the  interpretation  of  the  results. 

It.  therefore,  seems  preferable  to  ignore  them  initially  and  concentrate  on 
developing  working  programs . The  programs  are,  likewise,  limited  to  two 
plates  but.  again,  procedures  to  include  more  are  obvious. 

In  the  course  of  this  program  three  different  two-plate,  multimode  pro- 
grams were  written,  with  varying  assumptions.  These  are  called  MODEl, 
MODE2  and  MODE3. 

MODEl  assumes  only  one  normal  mode  in  each  plate.  This  mode  is 
either  perpendicular  or  parallel  to  the  plate  direction  and  the  plates  in  the 
filter  stack  are  assumed  to  have  their  actual  plate  coordinates  lined  up.  Thus, 
in  essence,  it  is  a transmission  line  representation  of  the  lossless  Mason 
Equivalent  circuit.  However,  in  arriving  at  the  solution  for  this  program, 
the  same  procedure  was  used,  as  in  the  MODE2  and  MODE3  programs,  instead 
of  the  common  technique  for  the  solution  of  a ladder  network.  It  did  not  appear 
necessary  to  include  plate  rotation  in  this  case  since,  unless  the  plates  are 
oriented  at  right  angles  to  each  other  (in  which  case  no  coupling  between  the 

mode  in  plate  1 and  the  mode  in  plate  2 takes  place,  so  that  the  output  is  zero), 
the  output  will  only  be  a reduced  replica  (more  insertion  loss)  of  the  lined -up 
case . 

MODE2  allows  for  two  normal  modes  to  be  present;  these  are  assumed 
to  be  at  right  angles  to  the  plate  thickness  so  that  there  is  no  difference  between 
normal  coordinates  and  actual  plate  coordinates  (xj  and  X2).  This  program 
does  allow  for  an  arbitrary  rotation  to  occur  between  plates. 

MODE3  is  the  program  for  the  general  case  illustrated  in  Figure  3-25. 

All  three  normal  modes  are  allowed  and  these  may  be  at  an  angle  to  the  actual 
plate  coordinates;  and  one  plate  may  be  rotated  with  respect  to  the  other. 

In  all  three  programs  the  two  plates  may  have  entirely  different  proper- 
ties. In  all  the  programs  it  is  assumed  that  the  electrodes  for  applying  the 
fields  are  circular  electrodes,  on  both  the  lateral  surfaces  of  each  plate.  The 
area  of  these  electrodes  is  also  assumed  to  be  the  active  area  used  in  calculating 
the  characteristic  impedances.  They  also  use  the  (common)  convention  of 
specifying  a center  frequency  for  each  i)late.  In  these  programs  the  center 
frequency,  fg.  is  defined  as  "the  frequency  at  which  the  plate  thickness  (2h  in 
the  previous  discussion  and  TL  in  the  programs)  is  a half  wavelength  thick  at 
the  velocity  of  propagation  for  model  (CTl)".  This  center  frequency  is  used 
as  input  data  rather  than  the  actual  plate  thickness, 


J 
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(161) 


f - CTl 

0-^^^  - im  ~ 2rfLT 

The  frequency  range  of  interest  is  specified  in  terms  of  the  initial  fre- 
quency. (FINIT),  frequency  increment  between  desired  frequencies,  (FINC) 
and  number  of  frequencies  in  the  range  of  interest,  (IFREQ).  If  FFINAL  is 
the  last  frequency  of  interest, 

IFREQ  = ((FFINAL  - FINIT)  FINC)  + 1 . (162) 

A listing  of  MODEl  is  shown  in  Table  3-14.  The  M0DE2  listing  is  given 
in  Table  3-15. 

These  two  programs  do  not,  necessarily,  require  that  information  from 
CROT,  SYMEIG  and  VCOUPbe  supplied  to  them.  They  only  require,  as  input, 
the  coupling  coefficients,  velocities  of  the  modes  of  interest,  the  plate  densi- 
ties. center  frequencies,  dielectric  constants  and  electrode  diameters  for  each 
plate,  as  well  as  the  frequency  range  of  interest.  This  information  is  inputted 
at  lines  230  through  470. 

Again,  these  programs  were  written  for  operation  on  the  Honeywell  Infor- 
mation Systems  Series  6000  600  Computer,  as  installed  at  the  General  Electric 
ESD  facility  in  Syracuse,  in  the  YFOR  mode  of  time-sharing  operation.  They 
also  use  a time-sharing  plot  routine  available  at  this  facility  in  the  permanent 
files.  Lines  10,  130,  190,  200  and  line  1960  all  pertain  to  this  particular 
plotting  routine  and,  hence,  do  not  apply  to  any  other  facility  or  mode  of  opera- 
tion at  this  facility.  Howev'er,  it  is  relatively  easy  to  convert  or  substitute 
other  plotting  programs  for  this  particular  one. 

Most  of  the  other  statements  are  standard  Fortran  IV  statements  and 
should  be  adaptable  to  any  other  computing  facility. 

The  free  format  statement  at  tine  1810,  in  Mode  1 and  2 and  at  line  3020 
in  Mode  3,  is  a convenient  way  to  write  out  the  insertion  loss  versus  frequency, 
and  a great  aid  in  trouble-shooting  the  programs.  By  inserting  a write  state- 
ment with  this  format  reference  at  any  appropriate  place  in  the  program,  any 
desired  variable  can  be  printed  out. 

Again  an  attempt  has  been  made  to  make  the  programs  self-explanatory. 

To  aid  in  this  Figure  3-26  shows  the  actual  problem  solved  in  the  MODE2 
program  and  the  assumed  impedance  matrix  for  each  plate,  obtained  from  the 
matrix  in  Figure  3-13  by  eliminating  rows  and  columns  3 and  6,  corresponding 
to  mode  3.  The  actual  solution  of  this  problem  is  shown  in  Table  3-16,  using 
the  nomenclature  of  the  MODE2  program.  In  general,  for  this  case,  the  in- 
herent symmetry  of  the  plate  matrices  has  been  ignored,  since  this  tends  to 
make  it  easier  to  keep  track  of  terms. 

The  IF  conditions  at  lines  1675,  1677,  1707  and  1712  in  the  MODE  2 
program  allow  for  the  handling  of  special  cases.  For  example,  if  mode  2 is 
non -piezoelect  rically  coupled  and  the  angle  of  plate  rotation  is  zero,  line  1712 
is  required.  But  this  statement  generally  will  not  work  at  the  resonant  fre- 
quency of  mode  2 in  the  case  of  identical  plates;  then  line  1707  is  required. 
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TABLE  3-14.  LISTING  OF  PROGRAM  M0DE1  STACKED  FILTER  OF  TWO 
PLATES,  ONE  MODE  IN  EACH  PLATE  PERPENDICULAR 
TO  THICKNESS  DIRECTION  (NO  ROTATION  BETWEEN 
PLATES) 

) n*#Ku.NHi' : /6/khypL  0T=  (C  0KE  = ;^'^  ) 

1000  10  CALCULAIE  HE  rOMClION  0K  A i,IAC-<K.U 

1010  cILIKm  0K  ho  PLAItb. 

lino  EACH  PLAIE  HAb  ONLY  ONE  P I E ^ 0ELEO 1 W I 0 ALL Y UkIvEN  N0uE. 

UO  PAkANLIL-<  NPLI.:>=1 

lAO  COMPLEX  7L(  b.  b)  HLf  b.  b)  , 'L  1 ( Jt  3 ) . U (3. 3) 

1->|)  i.OMPLEX  ^KEI  (P.3> 

IbO  CO'^PLEX  ■!LE, '0,  EC.  AMPl  , AMP3 

1/0  COMPLEX  AMP0,  V 1 N,  VOU  1 . 7 I \j 

190  DtMENbIPM  X 1 CNPL 1 b> . PIL0Sf 1 000) 

<;nn  CHakaciE-,  LiA«  i (nplI  5) /"*”/ 
e]i)  X = 0 

PifO  Pl  = 3.  Ml  b9ci6 
330C  INPUl  UAIA 

idb'OC  CENIEk  EkEUIIENC  I t.b  Or  PLATES  1 ANU  P 
i:?^0  r Cl  = 1 . E 7 
d-jO  h C'c;=  1 . E 7 

ilbbC  uIAMtlEhb  0H  PLATES  1 ANU 

.>60  u 1 = 1 0.  E-3 

ii/<'  UP=ll'.E-3 

^■<0C  PL«  IE  CBNb  I AN  I b 

^^dC  CCIUPLINC  C0r,r  r f C i E V ( b XX  Y M30E.  PLA  ( E ) 

>90  XXI 1 =0. OA A 
310  XXI  .>=XX  1 1 

3cibC  \/EL0CIlIEb  C I ( MOtjE»  PLA  I E) 

J3  0 Cl  1 1=3.3<>E3 
)bO  C r 1 i>  = C 11  I 

36bC  DENblllES  Or  PLAlEb  1 AND  i> 

370  Ul l=p.6bE3 
3X0  ol  .>  = uT  1 

33bC  uIc-LECIkIC  COYbiANlb  0r  PLAIES  1 A,NU  P 
390  EPl=A.b9*9.'XbE-  IP 
900  EPP=EP1 

9|bC  ELtCfKlCAL  IMPEOANCES  AND  GENEhATOK  V0L TAGE 
9P0  7LE  = CMPLX  ( 1 600.  . (1.  ) 

930  7G=/LE 

990  EG=CMPLX( 1 . . 0. ) 

99bC  hKLUUENCY  KANGE  Or  INlEpEbl 

997C  IiNllIAL  r nlGUc-NCY  . rb- EC  UE.NC  Y INIEnvAL.NO.  Or  r KEOliENC  I ES 

99HC  IN  kATGE 

9b0  r 1 NI I =9 . 7E6 

960  riNC=0.0PbE6 

9/0  lrr\EG  = 69 

990C  AKEAb  0r  PLAlEb  1 AND  P 
son  AKeAI  =P1'*U!  *UI  /9. 
bin  AKEAii  = pI  *Llp*UP/9. 

bPOC  CXAkAC 1 EK I bT I C IMPEuANCEb  7 0( M 0ME . PL A I E ) 

b30  7 01 1 =AkEA 1 *u 1 1 *C 1 1 1 

bbO  701  i>=At<EAP*L>I  ,?*C  1 1 P 

b/OC  MICXNEbSEb  or  PLAlEb  1 ATu  P 

bXn  IL  MC  I I I / Yp.  *r  (II  ) 

b90  ILP^C  MP/YP.*EOP) 

600C  CAPA(^  I I /\NCEb  CG  C-lr  PLAItb  I ANU  p 
610  C0 1 -KP 1 * AbEA  1 / 1 L I 
6P0  C0P=EPP* AKEAP 7 1 LP 


i 

I 

i 
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TABLE  3-14  (Cont'd) 

630C  lUK'lS  hA  |I0S  XN(M0Ufc;.  HLATfc) 

64  0 XNl  1 = X<1  l*bOKr(/0l  l*C01*£i.  + i-01) 

66  0 XNl^='<><13*SQKl(^01ii  + L;0ii*ii.«rc0^) 

680  KKt-QtsKlNII  r 

6900  LOOP  fHKOUGH  r kLOUE'JO  I tS 
MiO  UOI  I = 1 , I h KEU 

no  x = x+ 1 

IdOC  P80PAGrtII0N  OONSlAMrb  I Ht.  f A C MOUt.  PL  A 1 t ) 

MO  1 H 1 1 =2.*P1  *KkLQ*  IL  1 /O  1 11 

/bO  18  1 ii  = i>.*PI  ♦KRF.O+ ILJi /O  1 M 

r7  00  oe^PLEx  i ^peuances 

/HO  T jN 1 1 =SI M( TH 1 n /COb( 1 4 I I ) 

800  FGN  M = bl  SICTAM^ /O0S<T8  IP) 

HPO  7Lt 1 , n =0  8PLX(0.  , - /01  1 /I  GM  1 1 ) 

HJO  '^Lf  1 . p )=0'1PLX<0.  . 0.  > 

840  8L<l,3)=O8PLX(O.t-701  l/bIMflHl  1)) 

8b0  -^LC  1 . 4)  = /L(  1 . P) 

860  /L ( 1 . b) =C8PLX(0. . -XM 1 1 / ( p . ♦ PI *EkE0*0 0 1 > ) 
8/0  ^LCP, 1 )=/L( l.P) 

880  'LCP. P)=7L< 1 .P) 

89  0 ''L  (P.  J)  = ?LC  1 , p) 

900  /LCP, 4)=7L( 1 ,P) 

91  0 /’LCP,  b)=7L(  1 .P) 

9P0  7|.(3,  1 ) = 7L(  1 , 3) 

930  ^L (3. P) = 'L( 1 . P) 

940  ''L(3»  3)  = /Lf  1.1) 

930  'Lt-l.  4)  =/Ln  . P) 

960  'L<3, 3)=/L( I . b) 

9/0  ■'L(4,|)  = /L(1.P) 

980  'rL(4,P)  = /’L(P.  4) 

990  ^Lf 4, 3)=^L( 1 .P) 

1000  ^Lf  4,  4)  = ;!LfP.P) 

1010  'L(4, b)=^L<P.b) 
lOPO  /L(b.  1 ) = /^Lf  1 . b) 
lO.iO  ^L(d.p)  = xl(P,  b) 

1040  8Lf b.3)  = 7Lf  I. b) 

1030  'L(  b.  4)  = i'LCP,  b) 

106  0 ^L(b.  b)=i;8PLX(0.. -l./(p.*PI’to>kE  0*001)) 

10/0  <Kf  1 . 1 ) =U8PLXC  0. . - 7 OM  / 1 ON  1 p) 

138  0 7k(  1 . 8)  =t;8PLX  ( 0..  0.  ) 

109  0 'K(  1 . 3)  = l8plx( 0. . - 7 01  p/si M{ rmp) ) 

1 1 no  /r(i,4)  = 7h(!,p) 

1110  'Kf  1 . b)  = l;.8PLX(  0.  , -XN1P/(P.*PI*KKEO*G0P)) 
1 IPO  /TrtfP.  1 ) = 7r<f  l,p) 

113  0 7 K ( p , p ) = 7 K C 1 , P ) 

I 1 40  7KfP, J)  = 7k(  1 ,p) 

1 IbO  7k(P, 4)  = 7h(  1 ,p) 

1160  7r<^p, I ,p) 

11/0  7kC3.I)=<K(1,3) 

I 180  ^Kf3,P)=7«<  I .P) 

1 190  'n(3.3)=7n(  1,1) 

IPOO  'kM,  4)  = 7Kf  I ,P) 

IPIO  7K(3,3)=7K(l,b) 

IPPO  1 ) = 7k(  I.P) 

1P30  '8(  4,  P ) = 7|<  (p,  .^5 
1P40  'KC4,3)=7kC 1 .p) 

IPbO  7^,(4,  4>  = /„(p,p) 

IP3b  7k ( 4, 3 ) = 7 K< P, 3 ) 

1P60  7K(  b,  I ) = 7|<  ( 1 , b) 

1 P / O 7 K / b , P ) = 7 K ( P , 3 ) 

IP  <0  7k( 3, 3)  = 7 K(  1 , b) 


3-90 


TABLE  3-14.  (Cont’d) 


U90  = 

IJOO  /r<(b.b)=C'IPL^(0..-l  . / (ii  .♦PI*KKE.O*COci)  ) 

i3ioi:  APPLr  'itCHA.'jicAL  B0u.'<uAky  l:0>juiti0ms  to  left  plate 

1 J1  1C  r 0n  PLAIL  1 v/l=0 

I <L  m . 1 ) = 'L(3. 3 )-/'L<3,  I ) * 'L f I . 3 > /'L  ( 1 » 1 ) 

1330  'L  I { 1 .2)  =C'1PL)<(0.  , 0.  ) 

1340  ^1.  rfl.3)  = 'Lf3.3)-/LC3,|)*'^L<l.'j)/^L(l.  I) 

13b0  /.LI  (2,  1 ) = /Ll  (1.2) 

1360  /LI (2.2)=/LI ( 1.2) 

13?  U /L 1 (2. 3)  = /L  I ( 1 . 2) 

1330  /LT(3. |)=/L<b.3)-/L(b. |)*/L(I.3)//L(I. I) 

IbPO  'Ll (3. 2)=^Li ( 1 . 2) 

14  00  'L 1 (3. b)  = /L( b. b) - /L(b.  1 )♦ 'LC I . b) /'L ( I . I ) 

1410C  APPLY  YECAAMlCrtL  rtOUNUAKY  CONtUIIlO'Jb  10  hlGHl  PLAlf. 
141  1C  r 0n  f^LAft.  2 v.s=0 

1421)  /KI(  1.  l)  = /pi(  I.  l)-/r((  1.3)*/K(3.  1)//K(3.3) 

1430  'K I ( 1 . 2 ) =C3PLX ( 0. . 0. ) 

l<^4n  /Kl(l,3)  = /K(l.b)-/->(l,3)*/S(3.b)//K(3.J) 

14bO  'kI (2. 1 )=/K] C 1 .2) 

1 460  1 ( 2.  2 ) = /K  I ( 1 . 2) 

I 4?  0 /fxl  (2. 3)  =/r<  1 ( 1 .2) 

143  0 i^KlCb.  !)  = /.»  Cb.  l)-/rs(b.3)*/K(3.  1)/YR(3.3) 

1490  'KI ( J. 2) =/RT ( 1 .2) 

lb  on  /Kl(3.3)  = /fx(b.b)-/rT(b.3)*/K(3.b)//t\(3.3) 

IblOC  ittv/l'lAHL  PLAlt  2 0M  kICHI  1 nI  'LL 

Ib20  'rtf.  l(l.l)=2h<I(l,l)-/Kl(1.3)*<Kl<3.1)/(/LK+/kl(3.3)) 
lb3n  /Kb.  1 ( 1 . 2)  =C-3PLX  ( 0.  . 0.  ) 
lb40  'kEI  (2,  1 ) = /Kt.I  ( 1 .2) 

IbbO  'kM  (2.2)  = /hLl  ( I .2) 

1660L.  A|  jKt.  JUMCri0M  0r  1 Hh.  Lt-i-  1 PLATE  A\u  I kE  kIGHT 
1661C  PLAlt. LOuAlt  vBLlAGEb  AMu  CUKkENlb  AMO  b0LVF.  F 0K 
I662C  CUkKtMlb.  V3(LEF|  ) = vl  (hdGHD.  1 3 ( L tF  I ) = - I 1 ( k I G A I ) 

167  OC  IHlb  GIvEb  13  IM  lEkAS  0p'  IIM. 

167  1C  VAtM  I Alb  VALUE  Ib  PUI  IN  I At  tXPkE.bbI0N  F0k  VbCViN) 
1672C  1 At  IMPUI  lAPEUA.NCE  'IN  CAN  HE  OblAINtO. 

16A0  /IN=/LT(3.3)-2Li(3.1)t'/Ll(1.3)/(/Ll(l.l)  + /kEI(l.l)) 
1690  AYPl=tG/(/G«-/l  N) 

I ?00  AAP3  = - ('L  I ( I . 3)  / ( 'LT  ( I . I ) + /'kE  I ( I . 1 ) ) )*AAPI 

W2  ) Vl  N=/L  1 (3.  1 )*AAP3  + /.LI  (3. 3)  + AAPI 

1730  AMPa= (/kl (3. 1)/<2kT(3.3)*/LE) )*AMP3 

17  40  V0Ur  = -2LE*Av|P0 

I7bnc  POWEk  ANU  INbtkIION  L0.bb 

1/60  P0=KEAL(  V0ur*C0.N  JG(  - AAP0)  ) 

1 7 7 0 PktF  = ktAL( CEGF/LE/t /G+ 'LL) ) FC 0N JG ( EG /( 'G* 'LE ) ) ) 

17  30  PILOSCX  ) = 1 0.  *AL0G  1 O(P0/Pr<tF) 

1793  .7RTTE(6.10)  FktQ.  P I L 03  ( A ) 

1790  FkEQ=FkEO*FI NC 
ISOO  I C0N1INUE 
1310  10  F0kAAl(V) 

1900  YAAX=PIL0b( 1 ) 

1910  Y3I N=PlL0bC I ) 

1920  00  I 1)0  1=  1 .3 

1930  if  (PIL0o.(  I)  .G1  .YAaX)  Y3AX  = PIL0b(  1) 

1940  I r ( PIL0b(  I ) .L  1 . Y 3 I N)  YAI  N = PIL0b(.l) 

I9b0  lOi)  C0NI  1 NUE 

1960  CALL  YPLl  ( PIL0b.  f I NI  I . f I Nt;.  Y3I  N.  YAAX.  3.  NPLTb.  3 I . UA.  0) 
1990  blOP 
200)  tNo 
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TABLE  3-15.  M0DE2  PROGRAM  LISTING  STACKED  FILTER  OF  TWO 
PLATES,  TWO  NORMAL  MODES  IN  EACH  PLATE  PER- 
PENDICULAR TO  THICKNESS  DIRECTION  (ROTATION 
BETWEEN  PLATES  ALLOWED) 


AUt;b76/KHyPL0T  = (C0-<E  = 2R) 

lOOC  PK0GkA'1  T0  calculate  the  TKAMbFEtx  rUNCTI0N  0K  A STACKED 
lOlC  EILIEK  0E  TW0  PLATES. 

IIOC  EACH  plate  mas  IW0  PI  E^  0ELECTP 1 CALL  Y DHIVEN  •«10DES. 

120C  PSI  IS  THE  ANGLE  0E  K0TATI0N  BETWEEN  PLATES 
130  pakaheiek  NPLIS=1 

lAO  COMPLEX  ?LC S. S) . ZK( S. S). ^LT C3. 3). 7Ki <3, 3) 

ISO  CCHPLEK  ^KEI C2.2),7KETK(2.2) 

160  COMPLEX  2LE, ZG. EG. AMPI , AMP3, AMPA 
1/0  COMPLEX  AMP0,  VlN,  V0U1.  ZIN 
ISO  DIMENSION  AC2.2T 

190  DIMENSION  K 1 (NPLTs).  PIL0SC 1 000) 

200  chakactek  DA+ 1 cnpl  1 s) /•■*'•/ 

210  K=0 

220  PI =3. 1 A1 S926 
230C  INPUI  DAIA 

232C  CENIlk  hKECUENCIES  0K  PLATES  I AND  2 
2A0  E01 = 1 . E7 
2S0  F02= 1 . E7 

2SSC  dIAMEIEH  0F  PLATES  1 AND  2 

260  Dl = 1 O.E-3 

270  D2=10.E-3 

2S OC  PLATE  C0NSIANIS 

2S2C  COUPLING  COEFFICIENTS  XK ( MODE,  PL ATE ) 

290  XK 1 I =0. OSS 
300  XK2 1=2.*XK  1 1 
310  XK 12  = XK  1 1 
320  XK22=2.*XK12 

32SC  VELOCITIES  C 1 ( M 0U£. PL  A I E ) 

330  C i 1 1=3. 32E3 
3A0  C 1 2 1=  1 . IfC  I 1 1 
3S0  CT 12  = CT  1 1 
360  CT  22= I . I*CT  12 

36SC  DENSITIES  0F  PLATES  1 AND  2 
370  DI 1=2.6SE3 
3S0  DT2=DT I 

3SSC  DIELECTkIC  C0NS1AN1S  0F  PLATES  1 AND  2 
390  EP1=4. SS*S.SSE- 12 
400  EP2=EP1 

40SC  ANGLE  0F  kOTATION  PSI 

407C  PLATE  2 IS  kOlATED  By  PS  1 IN  DEGKEES  IN  KELATI0N  T0  I 
4 10  PS  I = S . 0 

41SC  ELECTkICAL  impedances  and  GENEKATOk  VOLTAGE 
420  ZLE=CMPLX( 1600.. 0. ) 

430  ZG=ZLE 

440  EG=CMPLX( 1 . . 0. ) 

44SC  FkEOUENCy  kANGE  Of  INlEKEsT 

447C  INllIAL  HiEOUENCy. FkEOUENCy  INTEkVAL.NO.  0F  FkEOUENCIES 

44HC  IN  kANGE 

4S0  F I N1 1=9. 7E6 

460  FINC=0.02SE6 

At  0 IFkE0=69 

490C  AkEAS  0F  PLAIES  1 AND  2 
SOO  AktAl  = PI +D 1 *0  1 /4. 
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TABLE  3-15  (Cont'd) 

bio  AKfc.Ad=HI 

baOC  CHAKACltKlSTIC  I MPtUAMCtS  ^ 0(  M 0LiE,  PL  A1  E ) 

bOO  2011  = AKEA 1 *UT  1 *0 M 1 

bAO  2 0iJ  1 = AkEA  1 *01  1 *C  I 2 1 

btjO  201^;=  AkE A£^*U  1 tf  + C I 1 c! 

b60  2 0£i.d  = AhEAc?*Lil  I iiii 

■d/OC  IHiCKMEbbEb  01-  PLAIES  1 A, MU  i> 

bH  0 I L 1 = C T 1 1 / ( ^ ♦ r 0 1 ) 

b9n  rLii  = CT1.2/(a.+r  02) 

unoc  CAPAl  1 1 A.MLEb  C0  0r  PLAlEb  1 AMU  2 

610  C0I =EP I *AkEA 1 /IL  1 

620  o02  = c.P2*AkEA2/1L2 

6J0L  lUKMi  i<AlIOb  '<M(v!0uE,  PLATE) 

6-3  0 <M  1 1 = XK  1 1 * 60i\l  (201  l*C01*2.+h01) 

6bO  '<M2  1 = \ <2  1 *b0.b  I C 2 02  1 *C01  +0  IP  1 /TL  1 ) 

66  0 ><  M 1 2=  ■(  < 1 2*bU'^  I ( 2 01  2*L02*2.  02) 

6/0  >(022=  \'<22*6UK  1 ( 2 022*0  02 /'C  122/  ILP) 

6^  ) Kki-. 0 = r I M 1 I 

6900  L00P  lAKOU'JH  KkEu'JEML  I E.6 
/ 00  uO  1 I = 1 . I K '<Eij 
/ 1 O »<  = ■<+  1 

7200  PK0PAGAII0M  C0iMbIAMlb  THE  1 A ( M 0UE  . PL  A I E ) 

700  IH  1 1 =2.*PI  *EPE'J*  IL  1 /O  1 1 1 

7aO  I H2  I =2.  *PI  *1- Kt-U*  1 L 1 /O  1 2 I 

730  JH12=2.*P1 *EPEu*IL2/0I 12 

760  I A22  = 2 . *P1  *Er<EO'*  rL2/0  122 

7 / OL  OOMPLE^  MPEUAMOEb 

7 A 0 1 0 M 1 1 = 6 I M ( T M 1 1 ) /O  0.b  ( T H 1 1 ) 

7 90  10  M2  1 = 6 I M(  H2  1 ) /OaS(  H2  1 ) 

KO'I  10  M1P=61  M(  IM  1^)  /C0.3(  H 12) 

«10  10M22  = 6l  M(  H22) /O0b(  1 022) 

R2  0 2LC  1 . 1 )=0'MPLX(  0*  . - 2 01  1 / IGM  1 1 ) 

RJO  2LC  1 . 2)  = 0MPL)((  0.  . 0.  ) 

-!A0  2L(  1 . 0 )-0'1PL»({0.  . - 2 01  1 /SI  M(  FH  1 1 ) ) 

HbU  'L( 1 . A)=2L( 1 .2) 

-<6  0 2L  ( 1 . b)  = OMPLX(  0.  , -XM  1 1 / ( 2 . * P I * E KEQ*  0 0 1 ) ) 

H 7 0 2L ( 2.  1 ) =2LC  1 . 2) 

RRO  /L(2.  2)  = 0''lr’LX(  0.  . - 2 02  1 /rGM2  1 ) 

•!90  'L(P.  J)  = 2L(  1 .2) 

900  2L(2.4)=0MPLX(0..-2021/blN(lH21)) 

910  2L<2.b)=0MPLX(0..-XM2  1 / ( 2 . * PI  * EI<EQ*0  0 1 ) ) 
920  2L( 0.  1 ) = 2L(  1.0) 

900  /L(0, 2)  = 2L(  1.2) 

940  2L(0.o)=/L( I. I ) 

9b0  2L<0. 4)=2L( 1.2) 

960  'L  < 0.  3)  =/l.  ( I . b) 

9/0  2L( 4.  1 ) =2L(  1 . 2) 

9R0  2L(4.2)=2L(2. 4) 

990  2L(4. 0 ) = 2L(  1 . 2 > 

1000  2L(4.4)=2L(2.2) 

1010  2L( 4, b) =2L(2. b) 

1020  2L( b. 1 )=2L ( 1 . b) 

1000  2L( b. 2) =2L(2. b) 

1040  2L(b.O)=2L( l.b) 
lObl)  2L<b.  4)  = 2L{2.  b) 

1060  2L  ( b.  b)  = C''IPLX(  0.  .-1./(2.*PI*FkEO*C01)) 
1070  1. 1 )=LMPLX(0.. -2012/1GM12) 

lORO  2k<  1 .2)=L'1PLX(0.  . 0.  ) 


1. 
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TABLE  3-15.  (Cont'd) 


1090  7^(I,3)=GMPLXCO.,-Z012/SIN(TH12)) 

1100  7KC  1 . = 1 , 2) 

1110  7k(  l,b)=C'1PLX(O.#-XN12/(2.*PI*FKl-:Q*C02)) 

1 120  ZHCa,  1 ) = ZK(  1.2) 

1 1 JO  ZK(2,2)=C>1PLX<0.,  -Z022/IGM22) 

1 MO  ZKC2,3>  = ZKC  1,2) 

llbO  ZK(2.4)=C'-IPLX(O.,-Z022/SIN(TH22)) 

1160  ZK(2,  b)=(JMPLX(0.  , - XN22/C  2 . *PI  * FKtO*C02  ) ) 

1170  ZH( J, 1 )=ZKC 1. 3) 

1 180  ZK(3,2)  = ZP<  1,2) 

1190  Zk( J,  3) =ZK(  1,1) 

1200  Zi-<(J,4)  = Zk(  1,2) 

1210  Z«Cj,b)=ZK(l.b) 

1220  ZH(A, 1 )=ZK( 1,2) 

1230  ZKC4,2)=ZK(2, 4) 

124  0 ''P(4,3)  = ZK'(1,2) 

12b0  Zk(4,4)=Zp(2,2) 

12bb  ZKf 4, b)=ZKC2, b) 

1260  ZK( b,  1 )=ZK<  1 , b) 

12/0  ZK(  b,  2)  = Zh<(2,  b) 

1280  ZK(5.  3)  = ZW( 1, b) 

1290  ZKCb,  4)  = ZK(2, b) 

13  00  Z^<(b.b)=CMPLX(O.,-l./(2.1'PI*i-KE:O*G02)) 

1310C  APPLY  8h"GHA\JIGAL  bOOiMUAKY  G0MUIiI0Mb  10  LEFT  PLATE 
IJIIO  (•  0K  PLAIE  1 Vl  = 02  = 0 

132  0 ZLTCl,  1)=ZL(3,3)-ZL(3,  1)*ZL(1,3) /ZL( 1.1) 

1330  ZLl ( 1 . 2)=CMPLXC0. . 0. ) 

1349  ZLI(l,3)=ZL(3,b)-ZL(3,  1)*ZL(1. b) /ZL (1,1) 

13b0  ZL I (2, 1 )=ZLT( 1, 2) 

13  60  ZL  T(2. 2)  = ZL( 4, 4) -ZL(4, 2)*ZL(2, 4) /ZL{2. 2) 

13/0  ZL I <2. 3)=ZL(4, b)-ZL( 4, 2)*ZL(2, b) /ZL(2. 2) 

138  0 ZLT(3,  l)=ZL(b.3)-ZL(b,  1)*ZL(I,3)ZZL(1,  1) 

1390  ZLT(3,2)=ZL(b,4)-ZL(b,2)*ZL(2, 4) /7L(2, 2) 

1400  ZLTC3,3)=ZL(b,5)-(ZL(b, 1)*ZL(I , b) /ZL( 1,1)) 

MOU  -(ZL(b,2)*ZL(2,  b)  /ZL(2,2)  ) 

1410C  APPLY  MECHANICAL  B0UNUAhY  C0NOlri0NS  10  KIGHT  PLATE 
141 IG  F0K  PLATE  2 V3=V4aO 

142  0 ZKTCl,  1)=ZH(1,  1)-ZK(1,3)*ZK(3,  1)/ZK(3,J) 

1430  ZKI C 1,2)=CMPLX(0., 0. ) 

1440  ZHT(l,3)=ZK(l,5)-ZH(I,3)*Z«(3,b)/ZK{3.3) 

14bO  ZKI<2, 1 )=ZHT( 1,2) 

1460  ZHfC2,2)=ZH(2,2)-ZH(2,4)*ZHC4,2)/ZK(4,4) 

147  0 ZKT(2,3)  = ZK(2,b)-ZK(2,4)*Zp<(4,b)/ZK<4,4) 

148  0 Zra(3,  l)  = ZK(b,  l)-ZK(b.3)*Z«(3,  1)/ZK{3.3) 

149  0 ZHrCJ,2)  = ZK(5,2)-ZK(5,4)’XZK(4,2)/ZK(4,  4) 
lb 00  ZKT(3,3)=ZK(b,b)-(ZH(b,J)*ZK(3,b)/ZK(3,3)) 

IbOlfi  -<ZR<b,  4)*Zt'<<4,  b)  /Zk(4,  4)  ) 

IblOC  TERMINATE  PLATE  2 0N  RIGHT  IN  ZLE 

lb20  ZKEIC 1, 1)=ZrT(1, I)-ZRT(1,3)*ZKI(3. 1)/(ZLE+ZK1(3,3)) 
lb30  ZRET ( 1 , 2)=- (ZRl < 1 , 3)*Zk 1 (3, 2) ) Z(ZLE+ZHT(3. 3) ) 
lb40  ZREr(2, 1)=-(ZKI(2,3)*ZR1(3, 1))/(ZLE*ZRT{3,3)) 

IbbO  ZKET(2, 2)=/KI (2,2)-ZRT (2,3)*ZRT(3. 2) Z(ZLE+ZKT(3, 3) > 

lb60C  PLATE  2 Ib  K0TATEU  ABOUT  THE  THICKNESS  BY  HE  ANGLE 

lb61C  PSI  IN  UEGKEES  IN  RELATION  T0  PLATE  I 

lb62C  IHE  OIkECTI0N  C0SINES  BETWEEN  THE  NEW  AND  OLD  AXIS 

lb6JC  OF  plate  2 ARE 

lb/0  A( 1 , 1 ) =C 0S( PSI+PI /180. ) 

IbSO  A(  1 , 2)  = bl  N(  PSI  i-PI /I  80.  ) 
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TABLE  3-15.  (Cont'd)  | 

lb90  A(i>,  1 ) =- A(  1 , J 

1600  AC2,^)=A( 1,1) 

1610C  IHt  IMPEOA.MCES  OK  THE  PLATE  OM  THE  RIGHT  AKTEa 
161  1C  KOTATIO'l  AkE 

16iiU  ZHEl  K(  1 , 1 ) = A(  1 , 1 ) *A(  1 . 1 ) t^HE  I ( 1 , 1 ) 

16liU  <-A(i?,l)*A(l,l)*/rxEICc;,l)*A(i;,l)*A(l,l)*/?KEI(l,2) 

1622«  +AC2,  1 )*AC£!,  I )*,'Kt.  I (2. 2) 

16J0  ':KETI^(  1 , 2)  = AC  1 , 2)  * A(  1 , 1 ) *7nE  1 < 1 . 1 ) 

1631A  +A(  1 , 2)*A(2,  1 )*?kE  I f 2,  1 )♦  ACiJ,  iJ)  *A(  1 , 1 ) ♦.'kET  ( 1 . 2)  < 

I632A  +Af2,2)*A(2, 1 )*/Ktl (2,2) 

16A0  /KE1k(2,  1 ) = A(  1,  1 )*A(  1,2)*':kETC  1,  1 ) j 

16A1A  ♦nCl,  1)*A(2,2)*'kE1(2,  1)+A(2,  l)i'A(|.2)*'r(f:T(l,2) 

Ib^kiA  +A(2,  1 )*A(2,  2)*'r(L  1 (2,  2) 

163  0 't\Elt^{2,2)=A<  l,2)*A(  1,2)*(i<EI  ( 1,  1 ) 

16blA  +A<l,2)KA{2.2)*.:'kEl(2,  1)+A(2,2)*A(I,2)*?kE1(1,2) 

16324  +A<2,2)*A(2,2)*/kEI(2,2) 

I660C  Ai  THE  JUMCIIOM  Or  THE  LEKT  PLATE  A'Jb  THE  kOTAIEU  k I GH  T 
I66IC  PLATE,  E'JUAl  E v0LlAi,t.3  AMU  CUKKEMT3  ANu  30LvE  (•  O'. 

1662C  CUKf'EMTG.  V J=  V I I . V A=  v2T  , I 3 = - I 1 T , I A = - I 2 t 
1670i;  ms  GIVES  13  AnJu  IA  IV  lEk-^S  Ot-  IlM. 

16V  1C  VHtV  MESE  VALUE.'.  ArsE  PHI  IV  EXPkEsSlOV  h 0.%  v3(vlv) 

16 /2C  IHf,  I VPUI  MPEUAVCE  ^ I V CAV  HE  OHlAIVEU  . 

16/3  IK(  'r<ETH(2,  2)  + 7L  I (2,  2)  .EC.  ( 0. 0,  0.  0)  . AVu.  VRt  I K(  1 , 2)  ; 

1676S  .EG.  ( 0. '■>,  3. 0)  ) /kEI  K(2,  2)  = (0.  n,  0. 3) 

167  7 I T (7kETK(2,  2)  + 7L  I (2,  2 ) .E:j.  (0. 0,  0. 0)  . AVU.  'kEIKC  I , 2) 

16/HA  .EU. (0.0, 3. 0) ) 'Ll (2, 2) = (0 . 0, 0. 3) 

16S0  /I;V={2L1(3.  l)  + (7LT(2.3)K'KETR(I,2)-'LT(l,3)*('kElH(2,2) 

I6HIA  *-2L1(2,2)))  + 'LI(3,2)*(^KE1K(2,  1)*7LT(1,3)-'LI(2.3) 

1 6R2A  ^ ( 'kE I K(  1 , 1 ) +'L  1 ( 1 , 1 ) ) ) ) /( ( 'hEI K( 1 , I ) + 7LT ( 1 . 1 ) ) 

1 6H3A  E(7KElK{2,2)+:'Li(2,2))-/:KEik(2,  I)*7KETR(I.2))  + 'LIT3,3 
1690  Hvipl=EG/(/G+'l  V) 

1/00  AMPO=( (7L1 (2. 3)*'kETK( 1 ,2)-7LT ( 1 , 3 ) + ( 7 RETR ( 2, 2 ) + 'L T ( 2,  2) ) ) 

17  01  A /( ('kE I K( I , I ) H'L 1 ( I , 1 ) )*(2kEIR(2,2)  + ?Ll (2,2)  ) 

1 / 02A  -7i<ET  H(2,  1 )*7kETK(  1 , 2 ) ) ) *A.HPI 

1/07  IK  ( VkEl  k ( 1 , 2)  .iVE.  ( 0. 0,  0.0)  ) AMPA=  - ( 7L  T ( I , 3 > /' kE  TR  ( 1 , 2 ) 

17  OAA  ) EAHPI  - ( ( .7L  i ( 1 , I ) + 7keTH{  1 , 1 ) ) //^rEI  K(  1 , 2)  )*AMP3 

17  12  I K(  7,<E1  K(  1 , 2)  .EU.  ( 0. 0.  0. 0)  ) AMPA=-  ( 7L  I ( 2 , 3 ) / ( 7 kKT  H ( 2,  2 ) 

I7I3&  +^L1(2,2)))*A.v1PI-(,!kE1k(2,  I)/(^KETK(2,2)*2LI(2,2))) 

1 / 1 4A  KAMP3 

1/20  VI.V  = 7LT(3,  1 )*AHP3  + ;^L  T(3,  2)’kAMPA+7LT  ( 3,  3)*AMPI 
J /30  AMPW=  ((A(  1,  l)*7h<I(3,  |)+A(2,  l)  + 7kT(3,2))/(7LE+7KT(3,3))) 

1 / 3 1 A *Av|P3+  ({A(l,2)*2kT(3,l)+A(2,2)K7Kl(3,2))/(7LE* 

I732A  ^kr(3,3)  ) I+AvIPA 
r/AO  V0UT  =-.'LE'KAMPO 
1730C  P0VLK  AVU  1VSEKTI0V  LOSS 
1760  P0=KKAL( V0Ui*C0VJG(-AMP0) ) 

1 / / 0 PKEH  =KEAL(  (EG*7LE/{;7G*-?LE)  )KC0V  JG(EG/(7G  + 7LE)  ) ) 

1 7 HO  PIL0S(K)  = I 0.  *AL0G  1 O(P0/Pr<E('  ) 

17A3  a)KI1E(6,  10)  r .kEU,  PILes(H) 

1/90  KkeO=KkEU+I'  I NC 
IHOO  1 CONTI  VUE 
IH 1 0 10  K OkHA I ( V) 

19  00  r'1A><  = PIL0S(  1 ) 

1910  YHI N=PIL0S ( 1 ) 

1920  U01OO  .1=  1,><  I 

1930  IK(PIL0S(  I) .Gl  . YVAX)  Y NA X = P I L 03 ( I ) 

19A0  1 r ( PILOS(  J ) .L  I . YHI  V)  YHlN  = prL0S(.I) 

1930  100  C0V1  I VUE  j 

I960  CALL  YPLT(  PILO.S,  K 1 VM  . h I VC,  YHI  V,  YHAX,  ■<,  NPLTS.H  1 , DA,  0)  | 

1990  STOP  I 

2000  EVU  I 
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TABLE  3-16.  SOLUTION  OF  MODE  2 PROBLFM 


^3  " ^^3lh  ^ ^^33^3  ^^35^5 

^5  " ^^51^1  ^ ^^52^2  ^ ^^53^3  ^ ^^54^4  ^ ^^55^5 


2hl^^l3l  , |.,j  _ — 31-21b(  T 

^3  " p^33  ■ '"ZL^^  I ^3  ^ |^^35  ZLj^  j5 


^4  = f ^44  - - ZL22  I '4  |2L45  ZL22  I 5 


V 'zL  JzL 

^5  = 1 ^^53'  ZLjj  \^^  { 


52  24, 

54  - ZL22  I ‘4 


"Sl^h5 

^^522^5 

+ 

p^55  ZLjj 

^^22 

^3  = 

ZLT^^l3 

+ ZLT^3lg 

II 

> 

. ZLT22I4 

^ ZLT23'5 

^5  = 

^^^31^3  ^^^32^4 

+ ZLT33I3 

^5  " ^IN  ’ ^^5  " '^IN 


Apply  mechanical  boundary  conditions  to  left  plate  V^  = V2  - 0 

Vj  = + ZLjgIg  + ZLjgIg  = 0 


, ZLj3 

M ' "ZLjj  3 ZLjj  5 

^2  " ^^2^2  ^ ^^4^4  ■"  ^^25^5  " ® 

. _'!^:24  , ^^5  , 

2 ZL22  4 ZL22  5 


TABLE  3-16.  (CONT’D). 
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Vj  = ZRETjjIj  + ZRETJ2I2 

V2  - ZRET^^I^  . ZRET22'2 


Coordinates  of  plate  on  right  are  rotated  about  X„  by  the  angle  ij,  in  com- 
parison to  left  plate  coordinates  (reference  coordinates)  to  account  for  this 

^3T  " ^12^2T  ■ ^IT  " ^ll^ST  ^21^4T 

^4T  " ^21^1T  ^22^2T  ~ ^2T  " ^12^3T  ^22^4T 


This  is  an  orthogonal  transformation  so  that 

VjT  = + ^2i'^4T  ■ St  " ^IiSt  ^ ^IZ^T 

^2T  " ^12'^3T  ^22^4T  ‘ St  ^ ^2iSt  ^22St 

Erom  Eigure  3-26 

V = V T = -1 

3T  1 3T  1 

V = V T = -T 

4T  2 ‘4T  ‘2 

V3T  . V,  . ZRETjj  (-I33,)  * ZRET,2 
V„  = = ZRETj,  (-I33,)  . ZRET22  (-I„) 

V,T  = |a„ZRET„  *a3,ZBET2,  I (-I,,,) 

.|a„ZRET_3.a3,ZRET33  (-!„) 
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TABLE  3-16.  (CONT'D). 


.LjjZRETj^^aj^ZRET^j  (-I„) 

''it  ' (“ll“n^’’^''ll  ^ *“2l“21™®^22 

^ ^21^12^^®^21  ^11^22^^®^12  ^21^22^^®^22 
^^27"  i^l2^11^^^^11  ^ ^22^11  ^^^^^21  ^22^21  ^^^^22  ^ ^12^21^^^^12 


+ lai„a,„ZRET,,  + an„ai„ZRETo,  + aooa„oZRET„„  +a,oa„-ZRET 


‘12“12 


11  ‘‘22  12 


21  ‘‘22“22‘ 


22  “12  22' 


12 


(Iit) 

(127) 

(Iit) 


(127) 


Vj.j,  = ZRETRjjIj^  + ZRETRJ2I2T 


V2T  ZRETR2jIj.p  + ZRETR22I2X 


but  from  Figure  3-26 


V = V 
'^3  IT 


^3  '^17 


V = V 
'^4  27 


^4  '^27 


Vg  = -ZRETRjjIg  - ZRETRJ2I4 


= - ZRETR2jl3  - ZRETR22I4 


V3  - ZLTJJI3  . ZLTjglj^  = - ZRETRJJI3  - ZRETRJ2I4 


♦ - L 


ZLTjj  + ZRETRjj  | I ZLTj3 

^3  I ZRETR 


ZRETR 


12 


12 


IN 


V4  = ZLT22I4  ^ ZLT23IJN  = - ZRETR2JI3  - ZRETR22I4 


ZRETR 


21 


■ ^4  “ j ZRETR22  + ZLT 


22 


'3^ 


ZLT 


23 


ZRETR22  + ZLT22 


‘IN 


1 ZLTjj  + ZRETRjj 

v| 

1 — z-Tet^— 

ZRETRjj  1 

'3" 

jzRETR^j  * ZLT22  j 

13 

ZRETR 


ZLT 

JU5 

12 
ZLT 


IN 


23 


ZRETR22  + ZLT22  ( IN 


TABLE  3-16.  (CONT’D)  . 


Retracinij;  steps  leads  to 


■^1  " ‘*11^3  ^ ^12^4 


I ZLT23ZRETRj2  * (ZRETR22  + ZLT22) 

S " { IzXT^j  + ZRETRjjl  T^irETR22  1 ^^^^^12 


From 


V3  = - ZRETR^jl3  - ZRETRj2'4  = ^^^ll'3  " ^L'^13'lN 


ZRETR^2  j ^^'^13 

■^3  " ^'^^"ETRYj^  ^4  ^ I ^TjI^R^TR”' 


V4  -2«^T«2i'3  - ZRETR22I4  = ZLT2214  . ZLT23l^, 

(ZLT„  + ZRETR,A  / ZLT„3  \ 

^¥fR2j  1^4  " 1 ^IN 

I ZLTj3ZRETR2j  - ZLT23  (ZLT^^  + ZRETR^^)  | 

^4"  i(zi?Fjj  + zretRj.^)  (ZLT22  + ZRETR22)  - zretr^2^retr2j'  Pin 

* ^IN  " ^^^31^3  ^ ^^^32^4  ^ ^^^33^IN 

fZLT23ZRETRj2  ' (ZRETR22  + ZLT22>  | 

rzTT^^ZRETRjj)  (ZRETR22  + ZLT22>  - ZRETR2jZRETR ^2  ) 

( ZLTj3ZRETR2j  - ZLT23  (ZLTjj  ZRETR^^)  | 

^ ^^^32  I (ZLT^^  + ZRETR^j^)  (ZLl'22  + ZRETR^)”^RETR2^ZRETRj2  | 

. ZLT33 

For  a generator  with  Impedance  Z^  and  voltage  E^ 

^ *IN  = ^ 

- ZRT3J  ^^'^32 

*out  " ZLE  '+~ZRT3“  h ■ Z LE  + ZRTgg^  h 


■*2  ' ‘’^21^3  ^ ‘^22^4 
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out 


ZLE  + ZRT 


33 


ZLE  + ZRT 


33 


V , = - ZLE  I , 
out  out 


By  the  sif?n  convention  of  Figure  3-26 


+ P = V • (-1  ) 

ower  out  out  out  conjugate 

Equations  with  asterix  are  those  used  in  M0DE  2 program. 


1 

.1 

i; 


I 


1 
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The  statements  at  lines  1675  and  1677  are  one-way,  to  handle  the  behavior 
of  identical  plates,  except  that  mode  2 in  the  left-hand  plate  is  piezoelectrically 
coupled,  while  mode  2 in  the  right-hand  plate  is  not.  Time  has  not  permitted 
a complete  evaluation  of  these  programs  under  all  possible  conditions,  so  there 
are  probably  other  circumstances  that  also  will  not  operate.  Those  that  were 
corrected  are  those  encountered  in  running  the  programs  up  to  this  time. 

The  listing  for  the  MGlDES  program  is  shown  in  Table  3-17.  The  method 
of  solution  employed  in  the  program  follows  that  shown  in  Figure  3-26  and 
Table  3-16,  where,  in  place  of  the  normal  mode  matrix  shown,  the  full  actual 
coordinate  matrix  of  Figure  3-19  is  employed  and  the  nomenclature  is  extended 
to  allow  for  the  inclusion  of  the  additional  terms.  In  writing  this  program  the 
symmetry  of  the  actual  plate  coordinate  matrix  has  been  employed,  or  neg- 
lected, depending  on  whether  a simpler  calculation  could  be  done.  The  input 
data  include  all  the  data  required  for  the  MODE2  program,  extended  to  three 
modes  as  well  as  the  eigenvectors  for  each  plate;  The  general  case  of  the 
MODE3  program  requires  two  runs,  each,  of  CROT,  SYMEIG  and  VCGUP, 
one  of  each  for  each  plate.  The  comments  about  the  MODEl  and  MODE2 
programs,  in  general,  apply  to  this  program  as  well.  Again,  an  attempt  was 
made  to  make  the  program  self-explanatory.  Time  did  not  permit  a complete 
evaluation  of  this  program  so  there  are  probably  conditions  that  will  not  run. 
The  IF  at  line  1950  handles  the  case  of  AT -cut  quartz  with  no  rotation  between 
plates.  For  AT -cut  quartz  at  the  resonant  frequency  of  mode  1,  an  exponential 
overflow,  which  has  not  been  corrected,  occurs;  however,  the  results  appear 
correct.  * 
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TABLE  3-17.  LISTING  OF  M0DE3  PROGRAM  STACKED  FILTER  OF  TWO 
PLATES;  THREE  NORMAL  MODES  ALLOWED  IN  EACH 
PLATE  AT  ARBITRARY  ANGLES  TO  ACTUAL  PLATE 
COORDINATES  (ROTATION  BETWEEN  PLATES  ALSO 
ALLOWED) 

10*«KUNm':  AUti>7  6/KMYPL0r=(C0KF:  = ;?'^) 

lOOC  10  CALCULATE.  THE:  I KANSE  E.;H  EUMCTION 

10 1C  0E  A GlAOKtl)  ElLlEk  HE  I 0 PLATE:Ei 

llOC  tHCH  PLATE  CAM  HAVE  THKEE  P ! E ' 0ELF.C  T ■<  I C ALL  Y UKIVEM  '10DES 

idoc  Pbi  ib  1 he:  a>igle  0E'  koiArr0M  retweem  plaies 

130  PAkAMETEk  MPLIb=l 

lAO  COMPLEX  ';MLC/,  n , 7 \ih(  7, 7 ) , ?L(  /.  7 T . /Hf  7, 7 5 
IbO  COMPLEX  -tL  1 < A,  A)  , ( A,  A), /kEI  (3. 3)  . /KEl  H(  3. 3T 

160  complex  bC36  ) . k(36)  . PL  1 » PLli,  PL3.  PLA,  PLb 
1/0  COMPLEX  Pm  1 , P!tO>  PrT3>  PKA,  Pkb,  ^ s ( 3.  3 T > ? S b, '' S.S3 
IHO  COMPLEX  TILE,  7G.  EG 

IVU  COMPuf.X  AMPl  , AMPA,  AMPb,  AMP6,  AMP0 

<700  COMPLEX  ViM,  v0Ur»  ? 1 M 

i710  JlMEMblOM  H 1 (3.  3)  . Hp(3,  3)  , A(  3, 3) 

PPO  bIMEiMblOM  X 1 tMPLTb).  PILObM  OnO) 

P30  CHAKACIEK  UA* 1 CMPL 1 b) /"*’V 
ilAO 

cibU  Pl=3.  1 Alb9i!6 
Pbb  PI<7  = <7.*P1 

c;6  0C  IMPUI  UAIA 

i76<7C  PLATE  I Ib  m /HE  LEE  T ANU  PLATE  Ib  ON  THE  KlGHl 

P6bC  CENIEK  EkEUUEMCIES  0K  PLATES  1 AmD  ^ 

3 7 0 E'  0 1 = 1 . E7 
3H0  E 03=  1 . h.  / 

3HbC  UlAMtlEM  0E  PLAlEb  1 ANU  3 
3V0  Ul Al = 1 n. E-3 
39b  UIA3=in.E-3 

300C  ***  PLAIE  COMblAM/b 

30dC  coupling  C0EEEIClEMl.b  XK  ( M 0uE»  PL  ATE  ) 

310  XXI 1 =0. 0H79bR02 

313  XK31=0.0 

3 1 A XX3 1 = 0. 0 

330  XX  l3=0.0R79bH03 

333  XX33=0.0 

33A  XX33=0.0 

339C  VELOCITIES  C I f M 0UE» PL Al E ) 

330  Cl  1 1=3.3323339E3 
333  C131=3.R003A1AE3 
33A  C 13  1 = / . 0()R63b3E3 
3A0  Cl !3=3.3333339E3 
3A3  C133=3.H003A1 AE3 
3AA  C 1 33= / • nOH63b3E3 

3A9C  UENblllES  0E  PLATES  UTf PLAIE) 

3b0  Ul 1 =36A9 . 0 
3bb  UV3=36A9.0 

3b9C  UIELlCIkIC  COMblAMIb  0F  PLATES  EP(PLAIE) 

360  EPl =0. 39H 1 6336E- 1 O 
36b  Eh3=0.39R 1 6336E- 1 0 
3/OC  »**  ElGEMvECTOkb  ♦♦x 

371C  1 HE  COMPOMEMIb  0h  A M0UE  AmE  b I 0KEU  HY  CiTI.UMNS  IN 

3/3C  AKmAY  H m- PLAl E- r COMP0MEM T» M0UE) 

3X0  HI ( 1 , 1 )= I .0 
-Ml  H 1 { 3 , I ) = 0 . 0 
3X3  ■)!  (3.  1 ) = O.0 


A 
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.iS3  bl  ( l,<i)  = 0.0 

HI  (<^,3)  = n.99=in6b4a 
3-?b  HI  O,  ^5=0-6.!  Wii^blk.- 1 
3«6  Hi < l#3)=0.0 
■iA!  Bl(£’,3)  = -0.63  1/  ^4blh.-l 
3P!H  HI  ( J.  3)  = 0.99-3n6b4ii 

400  U^?(  I , I ) = I . ) 

401  b3(c:.  n=0.0 
40^  H.:;(3.  n = 0. 0 

403  hc^(  1 , i^)  = 0. 0 

404  = 

40b  Hf^(3,  i:;>  = 0. 6a  1734b  1 1- 1 

406  Bac 1#3)=0.0 

407  b3(3.  3 5 = -U. 63 1 7343 1 t-  1 
409  H3C3. 3)=n.99>016b4a 

4lb(;  *♦+  A73Lt  0r  K01A1I0'J  FS 1 *** 

416C.  PLhIK  3 l6  fvOlAlLU  HV  Hi  I Uc.G.-^tLi  IM  Ktl-AIIOM  T0  HLATK  1 
430  HbI=b.O 

43SC  lLLO  I K I OAL  I9PtUAMCes  Gh-NItHArOrtf/G)  LOADf^LH)  **  + 

4390  *•**  Or-Vr.KA  1 0.3  V 0L  I AGH:(  bG)  *** 

430  'Lk.=  f 1 600.  , O.  1 
434  ilj  = /.Lr. 

439  t.3=  ( 1 . 0.  0. 5 

4400  *+*  + ♦**  c.stuUc.MGY  hAMGt  01'  1 M 1 bktb  f ******* 

44  10  r>JM!  'L  ibL'jfc-Mijy  cion 
4430  h ^NtUUl:.  Oi;  Y iHACIOG  r nc 

44JG  00.  Gr  c kKOiOHiOG  U i 10  kAOGK;  1 r 930=  ( h p 1 mAL-H  I 01  n /c  1 00  ♦ 

4b  0 P 1 0 1 1 = 9 • 7 r 6 
4b4  P 1 00=0. 03bL6 
439  1pmi.'J=Yv» 

4600  ******  OALOUHAItu  uAfA  ****** 

4690  Ap(EA3  0P  HLATE.b  AioEAfHLAfb) 

4/'j  Akp.a  1 = HI  *13  1 A I *13  I A 1 /4. 

41  3 Akp.A3=HI  *131  A.3*13l  A3/4. 

47  90  OHA'<AO  I tt\  1 il  I 0 I OPPIu/VOO-L  -j  ' 0 ( O 3i3E . HL  ATK  ) 

490  /0I  1 = AktA 1 *u 1 1 *0 n 1 
494  ' 03  1 = AKEA  I *13  1 1 *0  I 3 1 
49-9  1103  1 =AKb.A  1*U  1 1 *0  1 3 I 
300  ';0l3  = A-<t.Aj*i3l3*t;il3 
304  / 033  = A:-<EA3**U  1 3*0  1 33 
309  /033  = A.9EA3*U  I 3*0  1 33 

3190  MlOKOplibEb  Op  HLAlP.b  IL(HLAIE) 

b30  IL 1 =C I I 1 /f 3. *P  01 ) 

33b  IL3  = 01  13/(3. *K035 

b390  OAHAO  n A00t..3  0p  HLAIti  O0(HOAIp:) 
b3n  00l=tHl*A9EAl /it  1 
b33  O03=EH3* AkLA3/ IL3 

b39C  rUc-^OS  KAl  IOb  XOC^OliP.,  HLAfKl 

b4  0 xNinbjriicxxinxxiit/oinoni  + oiii/iLn 
344  X031=bUKl (xxai+xxai*' 03 1*001*0131 /ILl) 
b4  9 X,O3  1=  b:3M(XK31*X'<31*i03  1*O01*O13l/ILn 
b60  X013  = bOn(l(XXIH*X9  13*7^1  J*0C3*0T  13/1L3) 

364  XN33  = bO/<  I ( xxaa*  '<933*?  033 *0  03*0 133/1  L3> 

369  X 0,33=  3 JK  I ( X9  33  * X9  J3 *?  033*0  03* 0 I 33/  1 L3  5 

b/uO  ***  P'k0’9  00x1  O'!  lP;k'1b  A>;t  PkKQUP.OOY  UKHLOJKOI  *•* 

3/  b P hK(J  = l'  ion 

b790  L00H  IH90U(iH  P KP.  out  00  I P.3 
b •(()  uO  103  I = 1 . I P ntO 
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(Cont'd) 


bfib  K = <+1 

bHf^C  P^OPAGAII0N  C0MbTAMlb  H ( viOuti,  PL  A f k.  ) = I Ht  I A C v|  0Llt,,  PL  A 1 E ) 

bR9  /J  = PIP  + H r^LU 

b90  I H 1 1 =»* IL 1 /L  i I 1 

b9  4 rH.il=W*  ILl /Cldl 

b9R  1 Hb  1 = /J*  IL  1 /OI  J 1 

610  IHlP  = W*lL^/i;i  IP 

614  THPP  = vJ*lLP/C  IP'P 

6r<  1 njp=w*  iLp/L  r JP 

6^90  ^Ot'IAL  MOUL  'IATkIX  r Ok  PLAFK  1 ? ^L 


6J0 

1 G M 1 1 = 

.3  1 Mf  1 X 1 1)  /L0bf  [HI  1 ) 

6J4 

IG  MP  1 = 

SI  Mf  I HP  1 ) /OOSf  1 HP  1 ) 

6J6 

TGM31= 

SI Mf 1X3 1) /OObf 1X31) 

64  0 

'MLC  1, 

1 ) = IJXPLXf  0.. 

-'01  1 /IG'.'l  1 ) 

64  1 

•'  ML  ( 1 . 

• 

• 

c 

It 

64P 

'ML(  1# 

3 ) = f 0 . , 0 . ) 

643 

fCMLt  1 . 

4) =CXPL  Xf  0. , 

-'011/"'IMflHll)) 

644 

X ML  f 1 » 

b)  = f 0. , 0. ) 

64b 

-?  ML  C 1 . 

6)  = f 0. , 0. ) 

646 

X ML  ( 1 , 

/ ) = c;MPLXf  0.  , 

-X  M 1 1 /f  ,1*601  ) ) 

6b0 

XML(P» 

• 

C 

• 

c 

II 

6b  1 

-CMLCP. 

P)=CXPLXf 0., 

-'3PI  /IGMPI  ) 

6bP 

ML(P. 

3 ) = f 0 . . 0 . ) 

6d  J 

•C.MLCP, 

4 ) = f 0 • . 0 . ) 

634 

'ML(P, 

b>  = i:xpLXf  0., 

-'MP 1 /bIMf TXP 1 ) ) 

6bb 

'iMLCP, 

6)=f 0., 0. ) 

6b6 

'MLCP, 

7 ) = CviPLXf  0.  , 

- XMP  1 /f '0*601  ) ) 

660 

XMLC3. 

l)=f0.,0.) 

66  1 

'ML  C 3. 

P ) = f 0 . , 0 . ) 

66-’ 

' ML  C 3 , 

3)=CMPLXf 0., 

-'031 /1UM31 ) 

66  J 

'ML (3. 

11 

• 

O 

• 

664 

'MLC3, 

b)  = f 0. . 0. ) 

66b 

'ML (3. 

6)=CMPLXf 0., 

-'03 1 /3l  Mf 1 XJ  1 ) ) 

666 

'ML(3> 

7)=CvtPLXf  0., 

- XM31 /f 0*001 ) ) 

i,7  0 

'ML  C 4, 

1 ) = 'MLf  1,4) 

67  1 

' ML  ( 4, 

P)='MLfP, 4) 

6/P 

'ML (4, 

3)=2MLf 3, 4) 

6/3 

'ML( 4. 

4 ) = ' ML  f 1 , 1 ) 

6/4 

'ML (4. 

b)  = f 0.,  U.  ) 

6/3 

XML ( 4, 

6 ) = f f) . , 0 • ) 

6/6 

XMLf  4, 

7 ) = ' ML  f 1 , 7 ) 

6X0 

'ML( 3, 

1 ) = 2MLf  1 , b) 

69  1 

'ML(  b. 

P)='MLfP, b) 

69P 

X.ML(  b. 

3)='MLt3, b) 

6X3 

XML(b, 

4)  = ',MLf  4,  b) 

6X4 

' ML(  b. 

b)='MLf P,P) 

6Mb 

'MLf b. 

6)  = f 0. , 0.  ) 

6X6 

XMLC  b. 

7 ) = ' MLf P, 7 ) 

690 

'MLf  6. 

1 )=XMLf 1,6) 

69  1 

'ML (6. 

P ) = ' ML  f P , 6 ) 

69P 

'MLf  6. 

J ) = '.  ML  f 3 , 6 ) 

69  3 

'MLf 6, 

4 ) = ' ML  f 4 , 6 ) 

694 

'MLf  6. 

b)='MLf b, 6) 

69  b 

'MLf  6. 

6)=XMLf 3, 3) 

69  6 

'MLf 6. 

/)  = 'MLf  3,  /) 

/ 00 

'MLf  / . 

1 ) = ' MLf  1 , / ) 

/01 

' ML  f / . 

P)='MLfP,7) 

/OP 

'MLf/, 

J)='MLf3,/) 

/ 0 < 

'Ml  f / . 

4)  = 'ML  f 4, 7 ) 
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/04  d>JL(7.r3)=7,ML<b,7) 

7 0b  'NL(7. 6)  = ?nILC  6.  7 ) 

7 06  'MLC  7,  7 )=C-1PLXC  0.  . - I . / f iV  + Cai  ) ) 

7 99C  MOkMAL  MOut.  MAF  vIX  f Ok  PLAIE  ^ ;^nJk 
F!00  IG'J  li^  = SI  M(  1 H 12) /C0b(  H 1.?) 

HO  A lGM22  = bLN(  H22  ) /C  OS  ( T -122  ) 

HOA  r'JNJ2=Sl  M(  I H32)  /C0Sf  1 A32) 

SIO  7 vIk(1.  1)=Cv1PLX<0.» - ^012/1  G.M  12) 

All  / Al  rt  < 1 . 2 ) = ( 0 . , 0 . ) 

A 1 2 1,3)  = (0.,0.) 

A 1 3 7NS,C  1 , A)=C»1PLX  ( 0.  . - 2012/SI  N(  rn  12)  ) 

HI  4 7Nk(  1 , b)  = (0. . 0. ) 

Alb  7 Mk( 1.6)=C0.»0.) 

A16  7^),^CU7)=CMPLX(O.^-X'J12/CvJ*l:02)) 

A20  7\^(2.  1 ) = 7.\JK(  1 ,2) 

A2  1 7N|k(2,  2>  = l.Apl.'<(0.  . - 7022/TG\122) 

A22  7>ik(2,  J)  = (0..  0.  ) 

A23  7Mk(2,  7O  = (0.  » 0.  ) 

H24  7 \1k(2.  b)=C'^PI.X(  n.  , - 7 02'2/Sl  Nf  H22)  ) 

A2b  7 gs;C<J,  6)  = CO.  » 0.  ) 

A26  7\jk(2,7)=CHPLX(0.,  - XM22 /(  *C  02  ) ) 

A30  /gK'C.l,  1 ) = 7Xi<(  1 ,3) 

AJl  7mk(j,2)='MK(2,3) 

A 32  7 gKC3.  3)  =C'1PLX  C 0.^  -7  032/  I GMOc’) 

A33  7 \j.-,  ( 3,  4)  =:  ( 0.  . o.  ) 

A34  7\1kC3.  b)  = ( 0.  . 0.  ) 

ajd  /vkCG.  6>=G  'if.|^XC0.  . - 7 0 )2/SI  'JCl  A32)  ) 

A36  7Mf.,(3,7)=C'1PLX<0.,  -xg32/CW*C02)  ) 

H40  7NkC  4,  1 ) = 7 ( 1 , 4) 

<41  7grtC4,2)  = 7gnC2.  4) 

A 42  7 gpi(4,  j>  = 7gH:(3,  4) 

34  3 7g„  (4,  4)  = /g.<(  1,  1 ) 

344  7|Njl;(  4,  = ( 0.  , 0.  ) 

A4b  CMttf 4, 6)=C0., 0. ) 

A46  7,gK(  4>  7 ) = 7rgK(  1,7) 

AbO  CMkCS, 1 )=7gK( 1, b) 

Abl  7,gKCb.2)  = 7gKC2,  b) 

Ab2  7MKCb,3)  = 7Mr^(3,b) 

Ab3  /.AlKCb,  4)  = 7M-<(  4,  b) 

3b4  7g,<(3,  t5)  = / ^^(2,  2) 

Abb  7\Jh(  b,  6)  = ( 0.  , 0.  ) 

A36  '\lK(b.  7)  = 2M.<(2,  7 ) 

A60  7m„(  n = 7 g,, ( 1 , 6) 

A6  I 7'gr,  ( 6,  2)  = 7Mn  (2,  6) 

AA2  '\Ik(  6,3)=/gK(3, 6) 

■<63  7 g„(6,  4)= 'grv(4,  7,) 

A64  7g„((S,  b)  = 7MMCb,  6) 

<63  7g,,(^,  6)=  7SJ  j) 

■<6  6 7 3 -.(  7,,  7 ) = 7gf<(  j,  7 ) 

A 7 ,1  7 g.,(  7 , 1 ) = /,g,^(  I , 7 ) 

A/  1 7gn(  7, 2)  = 7.gK(2,  7 ) 

A72  7\K(7,3)  = 7g,<(j,7) 

A/  3 7g^(  7 , 4)  = / g^,  ( 4,  7 ) 

A/  4 7 7 , s ) - 7 g.-,  f 3,  / ) 

A7b  !Nk(  7,  7,)  = 7gK(7,,  7 ) 

X / 6 7 g,<(  7 , 7 > = i;M21,  X ( 0.  , - 1 . / 7 W ■»<;  02  ) ) 

Gi'igvKKi  r'KOM  NOkAAl,  AOUE  GG0Kl7lgAIKs  10  AoIllAI. 
99Al^  PLAIE  COOKUlgAIKs  C 0K  HOI  A PI.aTKS  1 AMU  2 
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TABLE  3-17 


(Cont'd) 


9'?9c  /L=  (BBl  )*7  AJL*  (HHI  ) I /h=  ( + 1 

1000  00  ^0  M=  1, 7 
1004  00  L'O  'J=1.V 

1006  iLf M,  N)  = (0.  . 0. ) 

1007  ^KfM. \)  = (0.» 0. > 

1008  i;0  CONllNOt 
1010  00  JO  8=  1 , 3 
10  I OG  JO  :M=  1 . J 
1014  00  30  .1=  1 , J 

1000  'LC  8,  = al  l>  J)*B  1 ( N,  n + 7L(vl,  N) 

10^^^  /L( '1.  \J  + J)  = H1  f8,  + J.  J*J)*B1  f V#  ')+^L(8^\  + 3) 

1034  <:L(8+ J,  M7  = 2L(8,M-*-J) 
lt)36  'L(8+J,  M + 3)  = ?L(  8.  M) 

1038  7 ) = BI  C M,  J ) * ^ ml  C J,  7 ) ♦ /L  ( 7 ) 

1030  'L< M + 3, 7 ) =ZLC M, 7 ) 

1033  7L(7,,''J)  = /LC''g.7) 

103  4 ZL<7.  >J+ J)  = ZL<  M.  7 ) 

1040  Zhi('8.  iX)  = H3(8.  J)*ZNK(.).,n*M3('J,  + 

1043  ■'K(M,M  + 3)  = B3C8,J)*/\lK(J.I+n*H3(M.))  + <K(M,M+3) 

1044  ZKC-l+a.  8.  M*3) 

1046  Zk(8+ 3,  M+3  J =?!<(  8,  .N) 

1048  ZK(  8,  7 ) = 03f  .9#  J )'4<ZMk(  J.  7 ) + Z6(M.  77 
1030  ZkC>J+3.  7 ) = ZKC  V,  7 ) 

1033  Zk(7.  M)  = ZK( 'J,  7 7 

1034  /f<C7 , 8-i-3  7 = /.K(:8,  7 7 
1060  30  COiSli  I MOL 

I 063  /L(7  . 7 7 = 7 vILf  / , 7 7 
1064  7k(7, 77=/8K( 7,7 7 

1 I OOO  4PPLY  8ECHAMICAL  BOOVOAKY  COVoI  lieMb  10  Lf>  I PLA]K 
11I71C  K0n  PLAlfc.  1 Vl  = V3  = V3  = 0 

1103C  Mlb  L;08Vb.K3108  Ib  80M  tAblLY  CAkkIEO  OUT  BY 

II03C  OEPI^INO  THE  (■0LL0'VlVli  PK  0000  lb 

1 1 09  8=0 

1110  O0  40  8=3. 7 

1113  oO  4 0 .7=3,  7 

1114  8 = 8+  1 

1116  0(  87  = 7L(  1 , 1 7*ZL  ( 8,  .I7-7L(  M,  1 7 *ZL(  1 , 77 
1119  40  C08I I 8Ut 

11300  II  Al.bU  c:08VE81E81  10  UEhINE  IH£bE  P80OU01S 

1130  PL  1 = ZLt  1 , 1 7*U(  1 7 

1133  PL3  = OC87*OC  I 7-0(7 7*0(37 

n .3  4 PL  3 = O ( 1 4 7 * O ( 1 7 - O ( 1 3 7 ♦ O ( 3 7 

1136  PL4=O(307*O( 17-0(197*0(37 

1 MH  PLb  = 0(367*0(  I 7-0(3b7*0(37 

1140  7Ll(l,17  = ((L)(lb7*U(17-0(137*U(  3 77  /PL  1 7 

11414  -(PL3*(0(97*U(17-U(77*0(377/(PL1*PL377 

llbO  /LI(I,37  = ((0(167*0(I7-0(I37*U(477  /I’L  I 7 

113  14  - ( PL  3 * ( 0 ( I 0 7 * O ( 1 7 - o ( 7 7 * o ( 4 7 7 / ( PL  1 * PL'S  7 7 

116  0 /L 1(1, 37  = ((U(177*0(17-U(1. 3 7*0(677  /PL  1 7 

116  14  - (PL3*(0( n 7 *0( 1 7-U( 7 7 ♦0(b7  7 /(PL I*PL2  7 7 

1170  /Ll(l,47  = ((0(187*Li(17- 0(137*0(677/ PL  17 

11/14  - ( PL3*(0(  1 37  *0(  1 7 -0( 7 7 ♦U(  67  7 /( PL  1 *PL37  7 

MHO  /L  r (<i,  1 7 = /Ll  (1,37 

119  0 ZLl(3,37  = ((O(337*0(17-O(l97*0(477  /PL  1 7 
119  14  - ( PL4* (o(  1 07*0(  I 7-0( 7 7 ♦U(  47  7 /( PL  1 *PL27  7 
13  00  /LI(3.37  = ((0(3  3 7*U(l7-0(l97*U(b77  /PL  I 7 
13014  -(PL4*(0(1 17*0(17-U(77*0(b77/(PL1*PL377 
13  10  (LI  (3,  47  = ( (0(347  *0(  I 7 -U(  1 9 7*0(  67  7 /PL  I 7 
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TABLE  3-17.  (Cont'd) 


1l;1I4  -(r'L<i*(U(ia)*U<l)-b(7)*U(6))/{PL  1 +PL2)  ) 

1220  /LI  (J.  1 )='L1  ( l»3) 

I2J0  'Ll f 3»2)=/LT(2, 3) 

1240  /Ll(3,3)  = ((U(29)*LJ(l)-LK2'j>*lJCb7)  /PL  1 ) 

12414  -(HLb*<U(ll)*U<l)-u(7)»UCb‘))/(PLl't'PL2)) 

12b0  /LiC3.4)=C(u(30)*b(l)-U(2b)*L)(6))  /PL  1 ) 

12bl4  -(PLb%<LK127*U(n-b(7)+U(6))/(PLl*PL2)) 

1260  'Ll  C4,  1 5 = <LI f 1, 4) 

1270  /LI (4,2)=/L 1 (2. 4) 

12K0  /I.  I ( 4,  3 ) =/L  1 (3.  4) 

1290  /LU4,4)  = ((u(36)*u(l)-u(3n*L)C6  7)  /PL  1 7 

129  14  -(Cu(J2)*L)(n-U(3  1)’»U{2)7*(Ll(12)*UCl)-UC77*UC6>7/(Pl,  1*PL2)) 
I300C  APPLY  -ILCHAiMILAL  H0JMUAKY  00^01710.713  10  KlGHf  PLATK 
13(ili;  f On  PLATE  2 V4=vb=b6  = 0 

13020  nib  00.MVErtbI0'J  IS  ^031  EASILY  LAKKIEU  0UT  HY 
13030  our  I Ml  MU  HL  1-000  0^1^0  P2  0000  IS 

13040  IHE  bY'I^ElPY  Oh  /K  Ib  '-1A0E  USE  0E  IM  HE5E  PRODUCTS 

1309  ^=0 

13  10  00  60  M = 2.  / 

1312  00  60  .1  = 2.7 
13  14  1 

1316  r(('1)  = /p(4.4)1''p(M,  J)-/KtM,  n*/-<(l.,J7 
13  19  60  0 0M  1 1 MljE 

13200  II  Ib  ALSO  00MVEMIEMT  10  UEKIME  THESE  PK0Uu01b 

1330  Pk I=/kC4. 4)*nC I ) 

lOi.J  PK2='v<H)*k{  n-'<(7  7*t-((2) 

133  4 PK3=;(I4)*tvCn-.>(13)*H(2) 

1336  PK4=t<(20>*KC  1)-K(  19  7«K(2) 

1333  PRb  = H(26)*s(  1 )-K(2b)*'v(27 

13  40  /'<1(1,  n = ((K(lb7*b(l)-R(13)*K(3))  /Pp  I > 

13  4 14  - ( Pk  3*  ( P C 9 ) * K ( I ) - n ( 7 ) * H ( 3 ) > / ( PP  I * PK2  ) 7 
13 bO  m(1.27=((h(167*rt(17-RC137*RC477 /Pk 1 7 
1 3-)  1 4 - ( PKJ^C  K(  1 07*  \ ( 1 7 - kC  / 7 *fV(  47  7 / ( Pk  1 ♦PK27  7 
1360  / K 1 ( 1 . 3 7 = ( ( K ( 1 / 7 * K C 1 7 - K ( 1 3 7 * K C b 7 7 /Pk 1 7 
13614  - ( Pk3*  ( K(  1 1 7 *K(  1 7 - K'(7  7 *.v(  b7  7 / ( PH  1 *PR27  7 
1370  /Kl(1.47=((KflH7*KC17-K(137*K(677/PKl7 
13/14  - f pKj*(kf  127  *,Kf  I 7 - kC7  7 + K(  67  7 / f Pk  1 *Pn2  7 7 
1330  /R I (2,  1 7 = /kT ( 1.27 

1390  'r1(2.27=C(k(227*K(17-k(19)*k(477 /Pk 1 7 
1 19  14  - ( Pk4*(K(  1 07  + k(  1 7 -K( 7 7+k(  47  7 /( PK 1*PK2  7 7 
1400  /KTC2.37=((KC237hK(17-KC197*KCb77/PK17 
I 40  I 4 -( Pk4* (KY  M)*Kfl7-KY77*K(b77/<PK I ♦PK2  7 7 
1410  /Kl(2,47  = (fK(247*t<<17-K(197+R(677  /PK  1 7 
14114  -(Pk4*(k(127*k(17-K(/7  + k(67  7 /(PK 1 *PK2  7 7 
1 420  /R I ( 3,  1 7 =/K  I ( 1 . 37 
1430  /Kl  (3,27  = £kT(2, 37 

1440  /h  1 ( .1.  37  = ( ( k(29  7 *K(  1 7 - K(2  > 7*K  Cb7  7 /Pk  I 7 
14414  -(PKb*(K(  1 1 7*k(  1 7-h(77  + K(b7  7 /(PK1*PK27  7 
14b  0 /Kl(3,47  = ((.<(J07*K(l7-K(2b7*K(677  /PK  1 7 
14b  1 4 - ( Pl^b*(  K(  1 27  *K(  I 7 - '^(  7 7 ♦ X ( 67  7 / ( PR  1 *Pk27  7 
1 460  /k  1 ( 4,  1 7 =:/K  1 ( 1 . 47 
14/0  /k1(4,27=/RIC2.47 
I 43  0 /K  1 ( 4,  37  = / ■>  1 ( 3.  47 

I 4 7 'fU  ( 4,  47  = ( (.•^r367  *K(  1 7 - k(3  1 7 *K(  67  7 /PK  I 7 

14914  - ( (K(  327  *K{  1 7 -K(  3 1 7 *K(  27  7 ♦(K(  127  *K(  1 7 - k ( 7 7 * K ( 6 7 7 / ( PK 1 * Pk 2 7 7 
IbOO0  IEk'-IIMAIE  pLAIp.  2 0.M  KlUHl  IM  /LP 

lb')10  IHlb  RESULTS  IN  vOU  1 =- /LE* AHPO 

lb  I 0 /RE  1 r 1 , 1 7 = / R I ( I . 1 7 - / R I ( 1 , 47  */K  1 ( 4.  1 7 / ( /LEt-  / K I ( 4,  47  7 
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TABLE  3-17.  (Cont’d) 


ibiio  'Kk.ui#ii)=?r<ici,L;)-'-<Tci,4)*^KT(4.ii)/(7Lt>7,<r(/),/,)) 

IbJO  'Hfc;i(l,J)  = 7Kl(l,3)-<?i<l(1.4)*Cl<l(^.3)/(?Lt+':Kl(4.4M 
134  3 /KtrCc!.  l)  = ^Kl  (ii.  l)-/Kl(;i,4)*'r<I(4,  l)/</Lt+7KlC4,41) 

1330  = 

1360  <'Kf.  i<.J,J)=2iU(^.3)-<'Kl<«?,4)*?t<r<4,3>/(7|.E+'KrC4,4)) 

13/0  ZHETO,  n = <'<TC3,  -/.Kl  ( 3.  A')*ZnJ  ( A,  n/C/LE+'KlC^./lM 

13  40  ':i\El(3,ii>  = ^Ki(3.;?)-^KT(3.4)*;:KT(4.ii)/C/LE+/'><lC4.4)) 

139  0 7M--l(3.3)  = 'Kl(3.3)-;3r(3,4)'*7KT(4.3)/(7l,E+7Kl(4,45) 

16:300  HLAlt  2 IS  .<01Alh.U  AH0uI  HE  IHIO^NESS  Hi  IHE  AMGEE 
16i3lC  Eil  IN  uEG-tEEs  IN  kELATION  10  PLAIE  1 

I6i^^0  IHE  ulhEOrirf'J  OOcINE^  HEHp:EN  the  new  axes  ANu  0LU  AXES 

163J0  0E  PLAIE  ( 0'<  bElWEEN  AXES  Or  PLAIE  p!  ANO  AXES 

16, >40  Or  PLAIE  1 ) A.3E 

1630  A(  1 , n =OCs( PSI*PI /I  AO. ) 

163  4 AC  1 , 3)  = .Sl  N<  PSI  ♦PI  / 1 AO.  1 
163A  AC  1 , 3)  = 0. 0 

164  0 AC^,  1)=-AC1,£3) 

1644  ACp, P>  = aC  1,1) 

164A  ACP,3)=0.0 

1633  AC3, 1 )=0.0 

1634  AC3,3)=0.0 

1635  AC3,3)=1.0 

16/00  Me.  I NPEOANOEs  Or  iHe.  PLAIE  ON  IHE  kIGHI  ( pi^fi-  > 

16/10  ArfE6  kOMI/ON  apE  /kE  T K=  C A)  J ♦/ KEJ  J ♦ C A ) 

1640  u0  HO  L= 1,3 
16SP  UO  4 0 .Nr  1 , 3 
1694  7KEMCL,M)  = C0.,  0.  ) 

1696  00  90  J=  1 . 3 
1699  UC  SO  N=  1 , 3 

1690  ^pEIkCL.  N)=aCN,L)*7kEI  CN,  J>^AC.IM)  + /kEl.SCL»‘-1) 

I /OO  90  O0N1 I NOE 

19000  A1  ME  JIJNO1I0  OK  ME  LEr  V PLAIE  ANO  THE  K0IAIEO 
19010  PlGHI  PLAIE  .EGUAIE  VOLIAGES  ANU  CUPUENIS  AND 
19020  SOLVE  EOK  CJkpENTs 

19030  V4= V 1 1 . V3  = V2 1 , V6= V31 . I 4= I I T,  1 3= I PT . I 6= I 3 I 

19040  IHlS  GIVES  14,  IS,  ANU  16  I .N  IEkNs  0E  I IN 

18060  -VHEN  IHESE  VALUE.S  ApE  PUT  IN  ME  EXPRESSION 

191)70  r0p  V7CvIN)  or  LEr  1 PLAIE  me  INPUl  IMPEDANCE 
19090  7 IN  CAN  BE  0B1AINEU 

19  IOC  IN  CArvKYING  00  1 THIS  P0CEUUKE  II  IS  CONVENIENT 

19  1 1C  10  UoE  IHE  rOLLOWING  vAkIAHLEs 

1920  7SCI,  1)  = 7LICI,  l)  + 7„ElkC|,  I) 

IKJO  7sCl,2>  = 7LICI,2)  + r^<tll<Cl,2) 

19  40  Esc  1 , 3)  = 7L1 C 1 , 3)  + 7pE I pC  1 , j) 

19  30  7SC2,  l)  = 7LiC2,  l)  + 7kElKC2,  1) 

1960  7SC2,2)=7L1C2,2)  + 7KKMC2,2) 

19  /0  75c  2,  3)  = 7L  I C2,  3)  + 7„E  MCii,  3) 

199  0 'SC  3,  1 ) = 7L1 C3,  I ) + 7kEiPC3,  1 ) 

1990  ESCJ,2)='LICJ,2)»EpEIPC3,2) 

1900  EsC3, 3)=EL 1 C3, 3)+EpETuC3, 3) 

19  10  7 i,  3=  ESC  1,  1 )E7SC2,2)-7SC2,  D^EsC  1,2) 

1920  2S33=  7SC  1 , 1 ) ♦i sc  3. 2) -7SC3,  1 )^7SC 1 , 2) 

I9S0  I EC  7|<t.  I kC  1 , 2)  .EQ.  C 0. 0,  0. 0)  ) G0  10  93 

2000  'IN=CCC7L1C4,  l)^7sCI,2)-7LIC4,2)*7SCl,l))*C'SC2.3)*7.SCl,2) 

2001  * -7SC  I , 3)*7.SC2,  2)  ) ♦ C 7L  I C 4,  3)*'SC  1 , 2)-7LT  C 4,  2)*7.SC  1 . 3)  >*'SS) 
2002 A ♦CC'LIC3,4)*7SCI.2)-7L1C1.4)^7SC3,2))*7SS-C7L1C2,4)+7SC1.2) 
2003 A )))/CC7SCl,2)^ZSS)*CC7sC2,3)^7sCl,2)-7SC1.3)*7sC2.2))* 

2004 A C7SC 1, 1)^7SC3,2)-ZSC3. 1)*'SC1,2))-C2SC3.3)^7SC1.2)-'SC1,3) 
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TABLE  3-17.  (Cont’d) 


.iOObi  ♦/SCJ,  2)  ) + ^b'3)  ) ♦ ( ( < 7L  1 ( 1 ) *7i><  I » H)-7L  I (4,  I , I ) ) 1 

2006&  *(. 'Ll  (.2,  A>*Zi,l  \ ( I p A-)*7'i(2,2'> '>  + (lLJ  (A,  A)*7 \ 

2007&  - t ( 4,  2)  )*7bi) /(  7 S(  1 / 2)  ) , 

2100  A»>Jl  =h.0/<  7G+7  I M)  I 

2200  A'<1H6=(  ( C 7LT  (3,  4)  ♦7;j{  1 , -71.  I ( 1 . 4)  *7b(  3. 2)  )*7SS 

22014  - f /LI <2, 4) *7GC  1 , 2) - <L I C I . 4)*7S(2.2) ) *7S33  ) 

22024  /(  C/SC2,  3) + / .If  1 , 2)  - /i)<  1 . 3)*^3(2.  2)  ) * /bS3 
22034  - ( /3(  3,  3)’t</i(  1 . 2) -/ ^.f  1 . 3)  */S(  3.  2)  )*/Sb)  )*Av|Pl 

23  00  A -124=  ((/.b(2.3)*/b(l,2)-2i!(l,3)-t'/Sf2»2))//iib)*Av|F6 
23014  ♦ C ( /L  1 ( 2.  4)*/S(  1 , 2)-f:L  i ( 1 . 4)*/.'i(2,  2)  ) //.SS)  + A'1PI 
i.'400  A''iPb=- ( / S(  I . 1) /4b(  I > 2)  ) * AMP4- ( /S(  1 . 3) //b(  I . 2)  ) * AMF6 
24014  - C 'L If  1 . 4)  // 1 , 2) ) *AMF1 

24  1 0 GO  I 0 90  ! 

2420  2b  / I M=  f f f f /LT  f 4,  I )*/bf  2.  27-?LTf  4,  2)  */ bf  2.  I ■»  ) 

24214  ♦ f / bf 2, 3> */bf  1 , 2) -7Sf  1 . 3)  + /bf 2.  25 ) 

24224  *■  f /L  I f 4,  4)  */bf  2.  2)  - 'L  1 f 4.  2)  + 4bf  2.  1 ) 5 *7335  j 

242JS  *f  t 7L  1 f 2*  4)’tt7bf  3,  iJ)  - /L  1 f 3.  45  *2bf  2.  25  )+/ bb3  ! 

24244  - f 7L  1 f 3t  45*7 bf  1 # 25- 7L  I f 1 . 45  *7bf  3.  25  5 i 

242b4  ♦ f /bf 3,  1 5*7bf 2, 25- 7bf 2.  1 5*/bf  3,  2 5 5 5 5 j 

2 4264  /f  / j*7  ,f  2,  25*f  f / .sf  3,  35  *7bf  1 . 25  - 4bf  1 » 35*  ' b(  3, 25  5 ! 

242/R  *<  f 7 bf  3,  1 5*.'bf  2, 25  - 7 bf  2.  1 5*7bf  3. 25  5 I 

242  3 4 -f7bf2»35*7bt3,2  5-  .7.bf3»3  5*7bf2.255*7i3,j>)> 

24294  +fff7Llf4, 15K7bf2,25-7Lrf4,25*7bf2. 155 

24  3 04  * f 7L  1 f 2,  45  ♦ / .bf  1 . 25  - 7t  1 f I , 45+7bf  2. 2 5 5 

243  14  <-f7l.  lf4,45*7bf2.25-7Llf4,25*/fLrf2>455*7bS5 
24324  /f  f b.5*7.bf  2.  25  5 5 

2440  AMPI  =tG/f  7(3  + 7 I M) 

24bO  Ai'l  P6=  fff7l-lf2. 45  + 7 3(3, 25- 7Lif3.45*7b(2, 255*7333 

24b  1 4 - f 41-  1 f ,i,  45*7bf  1 . 25  - 7L  U 1 , 45*7bf  3.25  5 

2 4b24  *f73{j,  15*73(  2, 25-7 bf2,  15*73(3.2555 

24334  /(f7b(3.35*7b( l,25-7bf 1.35*73f3»255 

243  44  *f7  3(3,  I 5*73(2,  •>5-7bf2,  15*7Sf3,25  5 

243  34  - f 7 3(2,  35  *73(3,  25  - 7.3(3,  35*73(2,  25  5*  7 3 33)  5 * AVI  PI 

2460  Avip4=  ( ( 7 3(  3,  3)^/3(  | , 25  - 7 3(  1 , 3 5 * 7 3 ( 3 , 2 5 5 7 7 S S3  5 * AM  P6 

246  14  + f f 71.  J (3,  45  *73f  1 .25  - 7L  1 f 1 . 45  * 7 3 f 3,  2 5 5 77  3S3  5 * AMP  I 

24/0  AMPb  = - f 7S( 3,  1 5 773 f 3, 2 5 )* AMP4- f7 3 (3, 35/73(3, 255* AM P6 

b4  / I ft  -f7Lrf3,7'577  3fJ,255*AMPI 

2b00  90  VlM=7L  I f 4,  I )irAMP4  + 7|,  1 ( 4,  25*  AMPb 

2b01 4 + 7L 1 ( 4, 3 5*AMP6+7L 1 f 4, 4) * AMPl 

26  00  AMpPr  ( ( A(  I , 1 5*  7h  I ( 4.  I 5 + Af  2.  1 5 *7K  r ( 4,  P5  ♦ A(3.  1 5*7h<  f ( 4,  3 5 5 
26014  7f  7LC.+ 7 K I f 4,  45  5 5 *mMP4 

26024  ♦(f  A (1,25*7!-.  If  4,  15  + A f2,25*7KTf4,25  + Af3. 25*761(4.355 
260.14  7f  71.P  + 7K  I f A,  45  5 5 *AMPb 

26044  +ffAfl,35*7filf4,  15  + Af2,3  5*7Klf4,25  + Af3.35*7Kr(4,355 
260.34  /f7L(-:+76l  f 4,  45  5 5 *AMp6 
2701)  va.J  1 =- 7LL*  Avipo 


TABLE  3-17.  (Cont’d) 


^snoc  ****  POWKK  ANu  IMbEhllOM  L0SS 

^9  00  P0=r<tAL  ( veUf  + COvIJGC-A'-I^^O)  ) 

<^9^0  P:it.h  =Kh.AL(  ( fc:G*'Lb./(  ?G+7LE)  ) *0 0iNJ G(  EG  / ( 7LE* 7 G ) ) ) 

if 9 AO  PILObCK)  = 1 0.  *AL0G  1 O(P0/Phtr  ) 

c-i‘U,0  .>J  i.t  1 E(  6.  <iOO)  KkEQ,  PIL0S(’-<) 

cfPAO  K kK Q=  KKEO+ F I '■JC 

■iOi.lO  l')i) 

b0..'0  P.nO  FOkviAICV* 
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F.  COMPUTER  GRAPHS  OF  TYPICAL  MODE  PROGRAM  RESULTS 

This  section  presents  some  of  the  results  obtained  to  date  from  the  MODE 
programs  of  the  previous  section.  Obviously,  in  the  time  allowed,  it  has  been 
impossible  to  completely  evaluate  these  programs  since  the  number  of  variables 
involved,  and  the  number  of  possible  combinations,  are  so  enormous.  Of 
these  programs  M0DE2  is  probably  the  most  interesting  from  an  experimental 
point  of  view,  since  it  is  relatively  easy  to  generate  sets  of  compatible  variables 
for  different  cases  (which  may  or  may  not  be  realizable  in  practice).  However, 
in  actual  filter  construction,  MODES  is  more  appropriate. 

Figures  3-27  and  3-28  show  two  runs  of  the  MODEl  program.  The  first  is 
for  two  identical  plates,  each  with  a single  mode  called  mode  1,  with  a coupling 
coefficient,  XKl  = .088  velocity  CTl  = 3.32  x 10^  meters  ^sec  density  DTI  = 
2.65  X 10^  kg  m^,  dielectric  constant  EP  = 4.58  x 8.85  x lO'^^  F/m,  and 
electrode  diameter  = 1 x lO'^m.  Each  plate  is  assumed  to  be  a half  wavelength 
thick  at  a center  frequency  of  10  MHz  at  this  velocity  of  propagation.  The 
filter,  constructed  of  two  of  these  plates,  is  driven  from  a generator  of  IV 
and  a resistance  of  1600  ohms.  The  output  voltage  is  also  measured  across  a 
load  resistor  of  1600  ohms.  These  material  parameters  are  appropriate  for 
AT-cut  quartz,  as  shown  in  Table  3-13. 

The  power  insertion  loss  axis  of  these  curves  is  in  dB  and  the  frequency 
axis  is  in  hertz.  These  time  sharing  curves  are  crude  but  convenient  for 
examining  cases . 

The  curve  of  Figure  3-28  is  called  mode  2 and  is  characterized  by  a 
coupling  coefficient  that  is  twice  that  of  mode  1 XK2  = 2XK1  and  a velocity, 

CT2  = 1.1  CTl.  Calculations  for  the  response  shown  in  Figure  3-28  were 
done  for  a half  wavelength  plate  thickness  at  10  MHz,  determined  by  the  velo- 
city of  propagation  for  mode  1 rather  than  mode  2.  These  curves,  taken 
together,  show  the  individual  responses  of  the  two  modes  most  often  used  in 
the  MODE2  program. 

Figure  3-29  shows  the  response  obtained  when  Modes  1 and  2 are  com- 
bined in  one  plate,  and  two  of  these  identical  plates  are  bonded  together  with 
zero  rotation  between  them.  When  the  two  modes  are  combined  together  in  a 
single  plate,  and  two  of  these  plates  are  operated  as  a stacked  filter,  the  most 
obvious  change  is  the  dip  in  the  response  curve,  following  the  mode-1  response, 
over  that  obtained  by  just  adding  the  two  response  curves  shown  previously . 
There  is  also  a slight  decrease  in  the  frequency  of  peak  response  for  mode  2 
as  compared  to  only  having  mode  2 alone. 

Figure  3-30  shows  the  response  of  this  same  filter  for  a rotation  ang’e 
of  5*^  between  plates.  Nothing  much  happens  to  the  response  except  for  a 
slight  decrease  in  insertion  loss  at  the  peak  response. 

Figures  3-31,  3-32  and  3-33  show  the  response  of  this  5^-rotated  stack 
of  two  10  MHz  plates  about  5,  15  and  20  MHz.  In  all  cases  these  curves 
are  compatible  with  the  type  of  response  expected  for  a stacked  filter  of  single- 
mode elements  using  Mason's  equivalent  circuit. 
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Figure  3-27.  Mode  1 Response  from  M0DE  1 Program 
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Figure  3-28.  Mode  2 Response  from  M0DE  1 Program 
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Two  Element  Stacked  Filter  (Mode  1 and  Mode  2 in  each  plate) 
0°  rotation  between  plates 

Each  XKl  = 0.088  CTl  = 3.32  x 10^  1 

Plate  XK2  = 2XK1  CT2  = 1.1CT1  | 
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Fijrure  3-30.  Two  Element  Stack  +5*^  Rotation  Between  Plates  Response  at 
10  Megahertz 
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Two  Element  Stack  +5°  Rotation  Between  Plates  Response  at 
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Figure  3-32.  Two  Element  Stack  +5°  Rotation  Between  Plates  Response  at 
15  Megahertz 
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Figure  3-33.  <Continued) 
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Figure  3-34  shows  the  response  obtained  with  a -20°  rotation  between 
plates.  Even  at  this  angle  of  rotation,  for  these  particular  plates,  nothing 
much  happens.  The  response  at  a plate  rotation  angle  of  45°  is  shown  in 
Figure  3-35.  Here,  the  response  of  mode  1 has  decreased  considerably  and 
the  notch  following  the  mode  1 response  has  become  shallower. 

Figure  3-36  show  the  affect  of  rotating  the  two  plates  by  70°.  A double - 
humped  configuration  occurs  around  the  mode  2 response  (actually  a shifted 
down  mode  2 response  from  that  of  Figure  3-29),  and  mode  1 has  completely 
disappeared.  Figure  3-37  continues  the  rotation  of  the  two  plates  to  80°.  The 
response  now  has  a 5.73  dB  peak  at  10.4  MHz,  a 7.1  dB  dip  at  10.475  MHz, 
and  a 3. 14  dB  peak  at  10.55  MHz.  If  an  average  insertion  loss  of  5 dB  is 
assumed,  this  could  be  represented  as  a filter  with  a +2  dB  passband  ripple 
and  a 3 dB  bandwidth  of  approximately  2.5%.  R also  has  a relatively  steep 
low-frequency  side.  The  printout  of  the  actual  results  for  this  angle  of  rota- 
tion is  shown  in  Table  3.18. 

This  looks  promising  so  the  results  for  a rotation  of  -82°  between  plates 
is  shown  in  Figure  3-38.  In  this  case  the  amount  of  passband  ripple  has  been 
reduced . 

At  an  angle  of  rotation  of  85°  between  plates,  the  ripple  has  disappeared 
and  a smooth  response  curve  results.  This  case  is  shown  in  Figure  3-39. 

This  curve  has  a midband  power  insertion  loss  of  3.67  dB  and  a 3 dB  bandwidth 
of  approximately  1.5%.  The  data  appropriate  to  this  curve  are  shown  in 
Table  3-19. 

Figures  3-40  and  3-41  show  the  effect  of  operating  the  M0DE2  program, 
where  the  second  mode  in  each  plate  is  not  piezoelectrically  coupled.  For 
these  two  curves  in  each  plate, 

XK1  = 0.088  CT1  = 3.32x10^ 

XK2  = 0.0  CT2  = 1.1  CTl 

Figure  3-40  shows  the  response  curve  for  this  case  at  a 0°  angle  of 
plate  rotation.  As  expected, this  curve  is  identical  to  the  curve  of  Figure 
3-27  for,  in  this  case,  there  is  no  possible  way  to  couple  into  the  non  piezo- 
electric second  mode.  Figure  3-41  shows  the  same  case,  but  with  plate  2 
rotated  5°  with  respect  to  plate  1.  In  this  case  the  plate  boundary  condition 
coupling  to  the  non -piezoelectric  mode,  takes  place,  showing  up  as  a dip  in 
the  response  curve  at  the  location  of  mode  2,  shown  in  Figure  3-28.  Inci- 
dentally, due  to  the  method  of  solution  employed  in  this  M(3DE2  program,  it 
will  not  operate  with  a non -piezoelectrically  coupled  mode  1.  Mode  1 is  always 
assumed  present . 

The  case  of  two  non-identical  plates  is  illustrated  in  Figures  3-42  and  3-43. 
For  these  two  curves  the  values  for  each  plate  are: 

Plate  1 For  Plate  2 

XKl  = 0.088  CTl  = 3.32x10^  XK1  = 0.088  CTl  = 3.32x10^ 

XK2  = 2XK1  CT2=1.1CT1  XK2  0 CT2=1.1CT1 
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Figure  3-34.  Two  Element  Stack  -20  Rotation  Between  Plates 
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Figure  3-35.  Two  Element  Stack  45  Rotation  Between  Plates 
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Figure  3-36,  Two  Element  Stack  70°  Rotation  Between  Plates 
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Figure  3-37.  Two  Element  Stack  80  Rotation  Between  Plates 
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TABLE  3-18.  DATA  FOR  STACKED  FILTER  OF  TWO  IDENTICAL  PLATES 
OF  FIGURE  37 

Each  Plate  CTl  = 3.32  x 10^  Angle  of  Plate 

XKl  = 0.088  CT2  = 1.1CT1  Rotation 

XK2  = 2XK2  80° 
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N LOGICAL  ir  LXHWLbS lOWG 
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O.y/bOooOOL  07  -0.394AyjlbE  02 
O.y /YbOOOOL  0/  -0. 394  I 44  1 bl£  02 
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TABLE  3-18.  (Cont'd) 
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Figure  3-38.  Two  Element  Stack  -82  Rotation  Between  Plates 
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Frequency  in  Hertz 


Power  Insertion  Loss  in  dB 
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Figure  3-39.  Two  Element  Stack  85°  Rotation  Between  Plates 
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Table  3-19.  Data  for  Stacked  Filter  of  Two  Identical  Plates  of  Figure  39 
Each  Plate 

XKl  = 0.088  CT1  = 3.32x10^  Angle  of  Plate  Rotation 
XK2  = 2XK1  CT2  = l.lCTl  85° 
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TABLE  3-19.  (Cont’d) 
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Figure  3-43. 


Two  Element  Non -Identical  Plate  Stack  of  Fi|?ure  3-42  with  5° 
Rotation  Between  Plates 
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Thus,  in  plate  2,  the  second  mode  is  not  piezoelectrically  coupled. 

Except  for  this,  the  plate  parameters  are  identical.  Figure  3.42  shows  the 
response  of  these  plates  when  they  are  lined  up.  The  response,  in  this  case, 
will  exhibit  a notch  at  the  mode-2  frequency,  in  contrast  to  Figure  3-41,  since 
energy  is  coupled  into  this  mode  by  plate  1,  but  is  not  available  as  output  energy 
because  of  the  lack  of  piezoelectric  coupling  to  this  mode  in  plate  2.  Figure 
3.43  shows  the  same  two  plates  with  a 5 rotation  between  them.  In  this  case 
a small  resonance  is  observed  at  mode  2,  in  contrast  to  Figure  3-42  since, 
now,  due  to  plate  boundary  coupling,  some  of  the  piezoelectrically  excited 
energy  of  plate  1 in  mode  2 can  be  coupled  to  the  output. 

Figure  3-44  shows  the  response  at  5^  of  plate  rotation  of  a two-plate 
stack  of  identical  elements  similar  to  those  shown  in  Figure  3-30  at  a 5°  rota- 
tion between  the  plates.  However,  for  these  plates, 

XK1  = 0.088  CT1  = 3.32x10^ 

XK2  = 2XK1  CT2=1.15CT1, 

so  that  here  the  velocity  of  mode  2 is  faster  than  that  shown  earlier.  Besides  ‘ 

the  obvious  fact  of  making  the  mode  2 response  occur  at  a higher  frequency, 

this  change  also  causes  the  notch  following  the  mode-1  response  to  occur  at  a 

higher  frequency.  This  means  that  the  null  in  the  response  is  due  to  the  phase 

shift  between  the  mode-1  and  mode-2  responses.  It  also  suggests  that,  in 

multi  element  stacked  cascades,  plates  with  different  mode  properties  can  be 

used  to  control  stop-band  rejection.  i; 

s 

I 

Figures  3-45,  3-4G  and  3-47  show  the  effects  on  the  frequency  response  i 

of  two  identical  element  stacks,  when  the  velocity  of  the  second  mode  is  slower  ; 

than  that  of  the  first  mode.  For  these  plates  ; 

XK1  = 0.088  CT1  = 3.32X10^  i 

XK2=1.1XK1  CT2  = 0.95CT11  l 

Again,  except  for  the  change  in  velocity  of  the  second  mode,  the  plates  are 
identical  to  those  shown  earlier.  This  change  in  velocity  of  mode  2 obviously 
makes  the  mode -2  response  occur  at  a lower  frequency  than  that  of  mode  1. 

(The  plate  is  still  one  half  wavelength  thick  at  a frequency  of  10  MHz  and  a 
velocity  of  propagation  corresponding  to  CTl . ) 

Figure  3-45  shows  the  response  for  this  case  at  a plate  rotation  angle 
of  5^.  In  this  figure  the  lower -frequency  response  is  the  mode-2  response,  and 
the  higher -frequency  response  is  the  mode-1  response.  Contrasting  this 
figure  to  that  shown  in  Figure  3-30  shows  that  the  notch  frequency  now  occurs 
below  the  mode-1  response. 

Figure  3-46  .shows  the  frequency  response  for  this  case  at  a plate  rota- 
tion angle  of  70^,  similar  to  that  shown  in  Figure  3-36.  Again,  a double- 
humped response  begins  to  appear  but,  in  this  case,  the  notch  is  on  the  high 
side  while,  in  Figure  3-36,  it  is  on  the  low  side. 
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Figure  3-46,  Two  Element  Identical  Plate  Stack  Slower  Mode  2 Velocity 
70°  Rotation  Between  Plates 
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Figure  3-47  shows  a continuation  of  the  plate  rotation  for  this  case  to 
an  angle  of  83°.  A single-peaked  response  curve,  similar  to  that  shown  for 
the  first  case  at  an  angle  of  85°(shown  in  Figure  3-39),  has  occurred  but,  again, 
the  notch  occurs  above  the  main  response.  This  suggests  the  possibility  of 
cascading,  electrically,  two  (or  more)  element  stacks  of  multimode  filters  to 
tailor  the  overall  response.  An  electrical  cascade  of  an  element  of  the  type 
shown  in  Figure  3-47,  with  that  shown  in  Figure  3-39,  after  appropriately  ad- 
justing the  plate  thicknesses  to  make  the  main  responses  in  each  stack  coincide, 
would  yield  an  overall  response  curve  with  notches  both  above  and  below  the 
main  response. 

Figures  3-48,  3-49,  3-50  and  3-51  show  the  response  obtained  from  the 
M(3DE3  program  for  AT -cut  quartz.  Input  values  for  both  plates  are  shown 
in  Table  3-13,  as  the  output  of  the  VC0UP  program.  A sketch  of  the  relation- 
ship of  the  normal  modes  of  each  plate  to  the  plate  axes  are  shown  in  Figure 
3-3.  For  this  crystal  cut,  mode  2 and  mode  3 (those  modes  lying  in  the 
and  /3(3)  directions  of  Figure  3-3)  are  non-piezoelectrically  coupled. 

Figure  3-48  shows  the  filter  response  of  this  two-plate  stack  of  AT-cut 
quartz  elements  with  the  two  plates  lined  up.  A nice  smooth  response  curve 
results  (as  expected  from  the  mode -2  program  results  discussed  in  connection 
with  Figure  3-40).  Figure  3-49  shows  the  effects  of  rotating  plate  2 by  5 
with  respect  to  plate  1.  Again,  similar  to  the  discussion  in  connection  with 
Figure  3-41,  plate  boundary  condition  coupling  takes  place  and  the  response 
curve  shows  nulls  and  peaks  due  to  the  three  modes . 

Figure  3-50  shows  the  effects  ox  continuing  the  plate  rotation  to  45°. 

Here  an  interchange  of  energy,  from  mode  1 to  mode  2 occurs.  The  resonant 
effects  of  mode  2 appear,  and  are  coupled  back  to  the  output  through  mode  1. 

Figure  3-51  demonstrates  the  effects  of  continuing  the  plate  rotation  to 

75°. 

While  not  illustrated,  the  3 -mode  equivalent  of  the  M<3DE2  program  with 
the  normal  mode  axes,  lined  up  with  the  plate  axes,  can  be  achieved  by 
setting  ~ the  other  components  of  the  eigenvectors 

equal  to  zero  in  the  M0DE3  program. 

Also,  while  most  of  the  results  employed  identical  plates,  the  programs 
work  equally  well,  if  not  better,  for  plates  with  non-identical  parameters 
(since  then  many  of  the  problems  associated  with  impedance  terms  in  both 
plates  going  to  zero,  at  the  same  time,  are  avoided). 
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4. 


DEVICE  FABRICATION  AND  TEST 


A.  RESONATOR  MATERIALS 

The  dominant  material  in  the  fabrication  of  crystal  resonators  has  been 
single-crystal  quartz.  It  has  many  advantages,  including  the  very  significant 
one  of  being  relatively  inexpensive.  The  low  cost  is  well  supported  by  the 
large  number  of  commercially  available  source  suppliers  and  their  ability  to 
process  it  with  great  accuracy.  Quartz  has  excellent  mechanical  properties; 
it  can  be  sawed,  ground,  lapped  and  highly  optically  polished  in  both  small  and 
large  quantities.  Crystalline  quartz  occurs  in  natural  and  in  synthetic  form. 

The  latter  can  be  grown  with  properties  similar  to  and  sometimes  superior  to 
that  of  the  natural  form.  The  orientations  of  quartz,  for  the  application  con- 
sidered here,  are  the  Y-cut,  AC-cuts  and  the  AT-cuts.  All  rotated  Y-cut 
plates  vibrate  in  pure  thickness  shear  modes.  The  uniqueness  of  quartz  for 
frequency  control  and  filter  applications  results  from  the  zero  value  of  the 
first  and  second -order  temperature  coefficients  for  the  AT-cut  at  room  tempera- 
ture. The  AT-cut  has  a k value  of  about  .088  compared  to  . 14  for  the  Y-cut. 
However,  the  Y-cut  has  a temperature  coefficient  of  +90  ppm^C.  The  slightly 
smaller  k value  for  the  AT  does  not,  therefore,  detract  from  its  value  for 
resonators  and  filters.  Quartz,  itself,  has  a relatively  high  mechanical  Q, 
both  in  the  natural  and  synthetic  form. 

Although  quartz  has  been  the  mainstay  for  frequency  control  and  wave  fil- 
ters, several  new  crystals  with  high  piezoelectric  coupling  and  favorable 
mechanical  properties  are  now  available.  Some  of  the  more  successful  of  these 
are  the  ferroelectrics,  lithium  niobate  (LiNbOs),  lithium  tantalate  (LiTaOs) 
and  barium  sodium  niobate  (Ba2NaNb50i5),  sometimes  dubbed  "banana".  All 
three  exhibit  strong  piezoelectric  effects. 

LiNbOs  and  LiTaOs  have  strong  thickness  shear  mode  X and  Y-plates, 
but  they  are  not  pure.  The  Z-cuts  contain  pure  extensional  modes. 

LiNbOs  has  several  utilized  rotated-Y-cuts,  but  the  particle  motion  does 
not  lie  ideally  for  pure-mode  orientation.  Some  of  the  cuts  may  have  undesired 
mode  coupling  that  is  still  low  enough  for  some  applications  but,  generally, 
they  are  second  choices.  The  Z-cut  is  the  only  pure  mode,  its  coupling  being 
of  the  order  of  .17.  The  X-cut  plate  exhibits  a large  value  of  k,  about  .68. 
However, coupling  exists  to  two  shear  modes  — one  strong  and  one  weak. 

LiTa03  is  of  the  same  crystal  class,  3m,  as  LiNbOs.  The  basic  difference 
lies  in  values  of  coupling  coefficient  and  temperature  coefficient.  LiTaOs  has 
a cut  (1)  with  a low  temperature  coefficient  that  may  be  useful  for  resonator 
applications.  The  X-cut  has  a parabolic  frequency  versus  temperature  charac- 
teristic . 


Ba2NaNb50i5  belongs  to  the  crystal  class,  mm  2;  it  differs  considerably 
from  LiNbOs  and  LiTaOs.  The  X-  and  Y-cut  plates  have  pure  thickness  shear 
modes  and  the  Z-cut  plate  has  a pure  thickness  extensional  mode.  The  Z-cut 
has  a very  high  coupling  factor,  k = .57,  which  remains  constant  over  a wide 
temperature  range.  This  material  has  not  been  utilized  as  extensively  as  quartz, 
LiNbOs  and  LiTa03,  its  present  cost  is  relatively  high. 

Table  4-1  summarizes  the  various  orientations  and  physical  parameters 
of  the  crystals  discussed  here. 

There  are  other  materials  that  could  qualify  for  use  in  multimode  filter 
applications.  LiGa02  and  other  new  materials  should  be  considered,  but  first 
a careful  evaluation  of  their  potential  as  crystal  filter  plates  must  be  made. 

The  often -used  AT -cut  quartz,  along  with  some  of  the  cuts  from  the  various 
materials  listed  in  Table  4-1.  merit  investigation.  In  particular,  the  recently 
measured  material  berlinite  shows  promise  as  a future  useful  crystal  for 
filter  applications.  This  material  has  very  similar  properties  to  crystalline 
quartz  (including  temperature-stable  orientations)  but  has  the  added  feature  of 
a higher  electromechanical  coupling  coefficient.  As  soon  as  a good  quality 
supply  of  this  material  becomes  available  it  will  find  application  in  various 
types  of  crystal  filter  configurations. 

Other  candidates  for  consideration  in  multimode  filters,  would  be  the 
doubly -rotated  orientations  of  crystals  as  described  by  Ballato.  (2)  q-hg  doubly- 
rotated  crystal  plate  has  the  advantage  of  two  degrees  of  freedom  with  two 
selected  angle  cuts.  As  an  example,  this  would  lead  to  temperature  stability 
and  higher  electromechanical  coupling  that  cannot  be  achieved  by  some  of  the 
single -oriented  crystal  cuts. 


B.  BONDING  TECHNIQUES 

Bonding  techniques  can  be  divided  in  two  general  categories  — 1)  trans- 
parent organic  materials  that  are  used  to  form  thin  adhesive  bonding  layers 
and  2)  metal  surface  films  that  are  joined  together  to  form  a single  bond. 

The  epoxy  or  polymer  adhesive  bonds  have  relatively  low  mechanical 
impedances  and,  therefore,  layers  (of  such  materials)  of  any  appreciable  thick- 
ness could  have  a significant  effect  on  the  shape  of  the  frequency /response 
curves.  Although  these  bonds  possess  good  stability  over  wide  temperature 
ranges,  the  low  mechanical  impedance  has,  in  most  applications,  required 
that  the  thickness  of  the  bonding  layer  be  very  thin  — of  the  order  of  a few 
hundredths  of  an  acoustic  wavelength. 
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TABLE  4-1.  PROPERTIES  OF  SOME  FILTER  MATERIALS 
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Althixif;h  the  orftanic  bonds  are  insulating,  they  can  be  used  in  very  thin  ' 

layers,  provided  no  problems  are  encountered  due  to  the  ground  surface  layers  fi 

of  the  resonators  being  separated  by  this  thin  layer.  One  advantage  in  using  , 

some  of  the  orgranic  materials  is  that  the  bond  may  be  dissolved  and  the  reso-  \ 

nator  discs  recovered  for  additional  experimental  testing  of  other  bonds  or  | 

resu  ;ur  coni igurat ions.  j 

j 

Table  4-2  is  a tabulation  of  some  of  the  materials  (and  their  characteristics)  ] 

that  111  iv  tie  considered  for  use  in  bonding  tasks.  The  bonds  themselves  could  H 

include  one  or  more  of  the  materials  shown  depending  on  the  substrate  and  type  I 

of  laver  liemg  attempted.  I 


TABLE  2.  PROPERTIES  OF  BONDING  MATERIALS 


Material 

5 

Velocity  x 10  m 

Z«10® 

kg/s  m^ 

Epoxy 

2.60  Ext 

1.22  Shear 

2 . 86  Ext 

1 . 34  Shear 

Phenyl  Benzoate 

3.38 

0.48 

Indium 

2.30 

1.44 

17.0 

10.5 

Gold 

3.24 

1.20 

62.5 

23.2 

Silver 

3.65 

1.61 

38.0 

16.7 

Copper 

5.01 

2.11 

40.6 

18.3 

Aluminum 

6.42 

3.04 

17.3 

8.2 

Quartz 

5.70 

3.32 

15.1 

8.8 

LiNb03 

6.55 

4.76 

30.8 

22.4 

LiTa03 

5.55 

4.21 

29.4 

22.3 

DaNaNb505 

3.07 

1.82 

16.3 

9.65 

Most  metallic  bonds  have  been  achieved  using  thermocompression  bonding 
of  indium  or  lead,  singly  or  together  with  combinations  of  other  metallic  layers. 
The  metallic  bonds  have  larger  characteristic  mechanical  impedances  that  more 
closely  match  that  of  the  resonator  material.  Another  advantage  of  using  me- 
tallic-layer bonding  is  the  resultant  electrical  conduction  layer.  While  early 
techniques  of  metallic  bonding  involved  only  layers  of  indium  or  lead,  these 
have  been  largely  replaced  by  combinations  of  layers  of  several  types  of  metals. 
Typical  bonds  consist  of  a flash  of  chromium,  a thick  layer  of  gold  for  adhesion 
and  electrical  conduction,  and  then  the  two  surfaces  to  be  bonded  are  plated 
with  thin  layers  of  indium.  The  two  pieces  are  then  thermocompression  bonded 
together,  so  that  the  indium  and  gold  alloy  forms  a good  electrical  and  bond 
layer. 
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Various  metallic -bonding  techniques,  have  been  used  which  incor- 

porate the  evaporation  of  thin  metallic  layers  to  optically  polished  surfaces  and 
are  then  welded  by  compression.  These  compression  techniques  involve  the 
use  of  both  thermocompression  and  room  temperature  compression  in  vacuum, 
air  and  inert  gases . 

The  bonds  themselves,  fall  into  two  categories,  thin  and  thick.  The  thin 
films  generally  include  organic,  inorganic  and  metallic  films.  The  thick  film 
bonds  will  generally  be  metallic  films.  For  precise  thick  bond  layers,  properly 
dimensioned  glass  or  metal  balls,  wire  or  shims  may  be  inserted  together  with 
the  metallic  films  to  obtain  a specific  bond  thickness. 

Since  the  main  objective  of  the  present  study  (Phase  I)  was  the  analytical 
modelling  and  programming  of  multimode  stacked  crystal  filters,  it  was  decided 
to  use  an  organic  lens  bond  for  the  preliminary  studies  of  an  experimental 
model.  The  lens  bond  has  several  advantages,  the  main  one  being  that  it  can 
be  dissolved  and  the  resonator  plates  recovered  for  experimental  testing  of  other 
bonds  or  resonators.  A disadvantage  is  that  it  is  insulating  and  can  cause  con- 
tact problems  if  the  ground  surface  layers  of  the  crystal  stacks  are  separated 
by  the  thin  insulating  layer.  The  problem  can  be  eliminated  by  some  selective 
plating  and  offsetting  of  the  crystal  stack  elements.  These  polymer  bonds 
generally  have  low  mechanical  impedances. 

Glass  slide  samples  were  first  bonded  together  using  the  lens  bond  resin 
under  pressure  at  room  temperature.  The  bonds  adhered  well  and  did  not 
separate  when  heated  to  90  C . The  test  samples  were  successfully  separated 
without  damage  using  a decementing  reagent.  This  lens  bond  was  therefore 
selected  for  use  in  our  initial  studies  of  the  stacked  crystal  filter  elements. 

Metallic  bonds  have  large  characteristic  mechanical  impedances  that 
match  the  resonator  impedances  more  closely.  Bonds  using  expoxy  and  gold 
films  were  used  in  our  analytical  studies  of  two  and  three  stacked  crystal  filters. 
In  the  past,  indium  was  used  as  a metallic  thermal  compression  bond.  This 
method  suffered  in  that  the  entire  bonding  operation,  i.e.,  plating  and  pressure- 
bonding, had  to  be  done  in  one  pumpdown  in  a vacuum  system  using  complicated 
fixtures  and  manipulators.  Since  bonding  is  a major  consideration  in  the  SCF, 
various  procedures  of  thin  metallic  film  bonds  were  studied.  Some  of  these 
will  be  utilized  in  phase  II  of  this  program,  which  deals  mainly  with  the  fabrica- 
tion of  a variety  of  SCF  representative  models. 


The  bonding  procedures  include  a wide  variety  of  methods,  including; 

1.  Cold-weld  bonding  of  metallic  films  such  as  indium  both 
in  air  and  in  vacuum. 

2.  Elevated  temperature  bonding  of  metallic  films  in  both 
air  and  vacuum. 

3.  Room  temperature  non-indium  metallic  bond  welding. 

4.  Ultrasonically  welded  layers  using  gold-aluminum 
and  or  other  metallic  layers. 

5.  Field-assisted  bonding  of  layers  at  low  temperatures. 
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These  metallic  film  techniques  offer  a well-matched  bonding  layer  and  some 
of  these  methods  will  be  utilized  as  a permanently  fixed  bond  for  use  in  the 
Phase  n study  of  experimental  models  of  SCF's. 

C . ELECTRODE  CONSIDERATIONS 

The  characteristics  of  the  electrodes,  which  have  an  effect  on  the  elec- 
trical properties  of  the  quartz  resonator  plate,  depend  on  the  surface  finish  of 
the  plate,  the  electrode  material,  the  geometry  of  the  plate  and  the  orientation 
of  the  electrodes  with  respect  to  the  quartz  plate.  The  electrodes  are  also 
affected  by  the  size,  shape,  position  and  material  properties  of  the  connecting 
leads  and  the  characteristics  of  the  filter  mounting  supports.  For  purposes  of 
orientation  and  rotation  our  electrode  configurations  were  circular  discs,  with 
tabs  extending  from  the  active  electrode  area  as  shown  in  Figure  4-1  (Com- 
monly referred  to  as  a keyhole  geometry).  The  latter  can  serve  to  locate  the 
principal  axis  and  act  as  a connector  for  external  leads. 
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Figure  4-1,  Electrode  Configuration. 


D.  EXPERIMENTAL  RESULTS 

In  order  to  verify  some  of  the  computer  calculated  results  of  Section  3.0 
some  cultured  quartz  crystal  blanks  were  obtained  from  the  J.K.  Miller  Co. 
These  blanks  were  AT-cut  with  a 12  1 2 micron  finish.  Each  blank  was  approxi- 
mately 0.45"  square  and  .011"  thick.  Gold  electrodes  of  a keyhole  design 
approximately  400  mils  in  diameter  were  then  deposited  on  each  of  the  broad 
faces  of  these  crystals.  A typical  response  curve  for  one  of  these  electroded 
resonators  is  shown  in  Figure  4-2.  This  response  curve  was  obtained  by  con- 
necting the  resonator  in  series  with  the  input  and  output  terminals  of  a 50  ohm 
H.P.  Network  Analyzer.  The  trace  in  4-2a  shows  the  plate  response  from  0 to 
10  megahertz  and  indicates  that  the  resonator  is  free  of  interfering  modes  in 
this  region.  Figure  4 -2b  shows  a blown  up  version  of  the  main  plate  response 
at  the  expected  6 MHz  frequency,  based  on  the  velocity  of  AT-cut  quiirtz  and 
the  plate  thickness,  and  again  exhibits  a reasonably  clean  response. 


4-6 


I 


LOSS  dB  LOSS  dB 


Two  of  these  electroded  plates  were  then  bonded  together  with  the  crystall- 
graphic  axes  or  actual  plate  axes  lined  up.  For  this  experiment  a lens  bond 
from  Summers  Laboratories,  Inc.  of  Port  Washington,  Pennsylvania  was  used. 
This  bonding  material  is  a synthetic  polyester  adhesive  that  has  worked  welt 
for  applying  transducers  to  acousto-optic  delay  lines.  Using  this  bonding 
material  and  a pressure  of  approximately  80  lbs  /sq  inch, good  adhering  bonds 
with  thicknesses  in  the  order  of  0.05  mils  were  achieved. 

Figure  4-3  shows  the  Network  Analyzer  curves  of  this  two-element  stack 
of  AT-cut  quartz  plates  with  zero  degrees  relative  rotation  between  the  plates 
of  the  stack.  These  traces  were  obtained  by  connecting  the  electrical  terminals 
of  one  plate  in  the  stack  to  the  input  terminals  of  the  Network  Analyzer  and  the 
electrical  terminals  of  the  other  plate  to  the  output  terminals.  Based  on  cal- 
culations of  the  clamped  capacitances  of  the  plates,  the  best  termination  im- 
pedance for  these  plates  at  6 MHz  is  approximately  2000  ohms.  However,  the 
traces  shown  were  measured  in  a 50  ohm  circuit  with  no  attempt  at  impedance 
matching . 

Figure  4 -3a  shows  the  response  from  0 to  110  MHz.  The  major  peaks 
on  this  trace  are  the  overtone  responses  of  a single  plate  in  the  stack  at  6,  18, 

30,  42,  and  54  MHz.  However,  the  first  peak  visible  on  the  trace  is  the  funda- 
mental response  of  the  two-element  stack.  As  discussed  in  conjunction  with 
Figure  2-4  a stack  of  two  crystals  in  intimate  (welded)  contact,  each  of  which 
has  a fundamental  resonance  at  6 MHz  should  display  stack  resonances  at  3,  6 
and  9 MHz . 

Figure  4 -3b  shows  an  expanded  view  of  the  response  of  this  stack  from 
0 to  40  MHz;  Figure  4 -3c  shows  a further  expansion  and  covers  only  the  range 
from  0 to  10  MHz  . 

It  is  obvious  from  this  last  curve  that  the  stack  bond  departs  from  the 
ideal  welded  bond  used  in  the  computer  simulation.  Even  allowing  for  the  im- 
pedance mismatch  between  the  optimum  stack  impedance  and  the  50  ohm 
measuring  circuit  impedance,  it  is  obvious  that  the  bond  is  not  functioning  well 
when  it  is  located  at  a high  stress  point  such  as  that  required  for  resonances 
at  half-wavelength  and  three -halves  wavelength  of  the  full  stack.  The  two  small 
responses  visible  in  Figure  4-3c  correspond  to  these  resonances.  The  larger 
response  is  for  the  full  stack,  when  it  is  wavelength  thick.  A comparison  of 
this  full  wavelength  resonance  with  the  computer -generated  response  (Figure  3-48) 
for  a two-element  stack  of  AT-cut  quartz  plates,  with  0 rotation  between 
plates,  shows  that  the  measured  response  exhibits  the  predicted  clean  resonance. 

This  two-element  stack  was  then  disassembled.  As  stated  earlier  the 
ability  of  a lens  bond  to  be  dissolved  with  a heated  solution  of  lens  bond  dece- 
menting fluid  is  an  advantage  in  this  type  of  investigation.  The  same  set  of 
stacked  crystal  elements  can  be  used  repeatedly  *o  study  the  effect  of  plate 
rotation  on  the  frequency  response  without  introducing  effects  due  to  different 
crystals . 
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,1 

[■  The  two  elements  were  then  reassembled  with  a relative  plate  rotation 

j;  of  approximately  45°.  Figure  4-4  shows  the  H.P.  Network  Analyzer  response 

I of  this  configuration  in  a 50  ohm  system  about  the  full  wavelength  resonant 

frequency  of  the  stack.  Each  horizontal  scale  division  on  this  trace  represents 
! approximately  0.3  MHz  and  the  left  peak  is  centered  at  approximately  6 MHz. 


I Figure  4-4.  2-Stack  AT-Cut  Crystals  45°  Rotation. 

' The  theoretical  result  for  this  case  is  shown  in  Figure  3-50.  Scaling 

the  frequencies  shown  there,  from  the  assumed  10  MHz  single-plate  resonance 
I to  the  6 MHz  used  in  the  experimental  crystals,  places  the  first  peak  at  6 MHz, 

the  center  peak  at  6.36  MHz  and  the  right  peak  at  6.72  MHz  in  Figure  3-50. 

I Comparison  of  this  theoretical  response  with  the  experimental  response  of 

I Figure  4-4,  reveals  r visible  dip  and  peak  in  the  vicinity  of  6.36  MHz  in  the  ex- 

i perimentally  fabricated  stacked  response.  The  only  responses  visible  in  the 

I trace  are  those  at  6,  6.8  and  7.8  MHz.  The  latter  response  corresponds  to 

! the  three -halves  wavelength  resonance  of  a filter  stack  and,  again,  shows  that 

I a satisfactory  welded  bond  has  not  been  totally  achieved. 

I Without  having  an  opportunity  to  examine  either  the  theoretical  response 

j or  the  experimental  configuration  in  detail,  to  conclusively  establish  whether 

I the  discrepancy  between  results  is  due  to  a plate  rotation  discrepancy,  a cal- 

I culation  error,  or  a bond  error,  it  is  suggested  that  a better  bond  in  the  expert - 

i mental  device  would  bring  the  results  into  closer  agreement.  However,  it 

might  be  necessary  to  include  a lossy  bond  in  the  computer  calculations  to 
! achieve  satisfactory  agreement  at  this  particular  angle  of  relative  plate  rotation. 

The  last  configuration  examined  in  this  preliminary  attempt  to  obtain  a 
correlation  between  the  experimental  and  theoretical  results  was  a two-element 
stack  of  AT -cut  quartz  plates  with  approximately  75°  of  relative  plate  rotation 
between  elements  in  the  stack.  The  H.P.  Network  analyzer  traces  for  this 
configuration  are  shown  in  Figure  4-5.  Again,  no  attempt  was  made  at  im- 
pedance matching  to  the  2000  ohm  impedance  of  the  filter  stack.  Instead,  the 
curves  were  measured  in  a 50-ohm  circuit. 
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Figure  4-5a  shows  the  response  from  0 to  32  MHz  of  the  stack.  Again, 
the  overtone  responses  of  the  individual  elements  in  the  stack  at  6,  18,  and 
30  MHz  are  the  predominant  responses  with  the  half  and  three -halves  wave- 
length responses  of  the  stack  barely  visible.  The  half  and  full -wavelength 
responses  of  the  stack  are  shown  in  Figure  4 -5b  trace.  Here,  again,  the  bond 
is  not  functioning  properly  when  located  at  a high  stress  point.  The  double- 
humped nature  of  the  6 MHz  response  is  also  visible  here.  Figure  4-5c  shows 
two  expansions  of  this  6 MHz  response.  Both  of  these  are  centered  at  approxi- 
mately 6.3  MHz.  The  lower  of  these  two  traces  has  a horizontal  scale  of 
approximately  1 MHz  per  division:  the  upper  trace  is  about  0.3  MHz  ^division. 

A comparison  of  these  curves  with  Figure  3-51,  for  aj;omputer  response 
of  a welded  two -element  stack  of  AT -cut  quartz  plates  at  75°  of  relative  rota- 
tion, shows  excellent  agreement  in  the  response  curve  shapes.  When  the  fre- 
quency scale  shown  in  Figure  3-51  is  multiplied  by  0.6,  the  factor  required 
to  scale  the  frequency  to  the  experimental  filter  frequency,  there  is  almost 
complete  agreement  between  this  curve  and  the  experimental  curve  over  the 
frequency  interv'al  plotted  in  Figure  3-51.  The  two  curves  exhibit  almost 
identical  shapes  with  the  dips  and  peaks  at  approximately  the  same  frequencies. 
The  major  discrepancy  is  that  the  relative  loss  between  peaks  and  valleys  on 
the  experimental  curve  is  approximately  one -half  that  predicted  theoretically. 
This  discrepancy  is  most  likely  due  to  the  impedance  mismatch  of  the  experi- 
mental circuit . 

This  preliminary  experimental  investigation  has  demonstrated  that  there 
is  a close  correlation  between  the  computer -generated  response  curves  and  the 
actual  response  curves.  This  means  that  it  is  realistic  to  use  the  simulation 
procedure  to  search  for  element  configurations  that  exhibit  the  best  response 
characteristics  and,  then,  to  fabricate  only  the  most  desirable  configurations. 

It  has  been  stressed  throughout  this  section  that  the  present  experimental 
elements  using  lens  bond  to  bond  the  elements  together  lack  coupling  of  the  half 
and  three -halves  wavelength  resonances  of  the  stack,  and  this  condition  must 
be  equated  to  a poor  bond.  In  actual  practice,  if  a low -loss  bond  at  the  full 
wavelength  resonance  of,a  two-element  stack  is  achieved,  the  lack  of  the  other 
resonances  would  be  immaterial  and  even  desirable. 

E . PROGRAM  SIGNIFICANCE 

The  combined  analytical  results  and  preliminary  experimental  data  ob- 
tained during  Phase  I of  this  program  indicate  that  multimode  crystal  filters 
can  be  utilized  in  an  effective  manner  to  shape  filter  response  characteristics. 
Together  with  recent  advances  in  packaging C6)(7)^  the  SCF  (which  is  compatible 
with  integrated  circuits)  can  yield  a reasonably  rugged  device  capable  of 
achieving  filter  responses  that  cannot  be  achieved  with  single-plate  crystal 
resonators.  Whereas  the  various  filter  types,  such  as  the  single  plate,  mono- 
lithic and  SAW  devices,  utilize  a single  orientation  or  cut  for  the  crystal 
response,  the  SCF  offers  the  advantage  of  a wide  variety  of  crystal  plates 
bonded  together  mechanically,  so  that  both  piezoelectric  and  mechanical  effects 
can  be  used  to  achieve  a great  multitude  of  desired  frequency  responses. 

The  two-port  SCF  offers  a wider  bandwidth  potential  than  other  types  of 
bulk -mode  filters.  SCF  plates  of  different  materials  and  unequal  thicknesses 
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also  offer  narrowband  filters.  One  main  advantage  of  the  stacked  crystal 
filter  should  be  in  applications  requiring  a minimum  of  modulation  and  distortion 
effects  for  moderate -to -high  signal  levels.  Nonlinear  effects  in  front-end 
and  output  filtering  can  cause  major  problems  in  proximity  to  transmitters 
operating  in  adjacent  bands.  The  SCF  bulk-wave  device  with  its  high  power- 
handling capability,  greater  selectivity  and  small  size  employs  bulk  acoustic 
waves  and  should  have  low  nonlinear  effects,  thereby  preserving  frequency 
stability.  Many  types  of  filter  responses  are  also  required  for  frequency  divi- 
sion multiplex  systems.  The  SCF  has  the  wide  flexibility  to  deliver  many  dif- 
ferent types  of  filter  topologies  that  are  useful  in  these  and  other  frequency - 
control  systems . 
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5.  SUGGESTIONS  FOR  FURTHER  WORK 


With  any  work  encompassing  the  number  of  independent  variables  em- 
ployed in  this  project  it  is  almost  impossible  to  examine  all  cases.  Hence  the 
obvious  recommendation  is  that  the  programs  written  during  the  nine  month 
course  of  this  project  be  exercised  more  fully.  A catalog  of  results,  for  con- 
siderably more  cases  than  time  permitted  examination  of  during  the  course  of 
this  contract,  should  be  developed. 

There  is  also  no  claim  that  the  programs  as  presently  listed  in  this 
report  are  in  the  best  possible  format.  As  written  they  are  convenient  for 
operating  in  a time  sharing  mode  of  operation  where  a limited  number  of  com- 
plete changes  in  input  data  are  to  be  carried  out.  In  this  mode  of  opera- 
tion a few  changes  in  input  data  can  be  conveniently  carried  out  on-line,  and 
the  results  of  these  changes  are  available  almost  instantaneously.  For  more 
extensive  changes  in  data  off-line  preparation  of  an  input  data  paper  tape  was 
employed. 

This  input  data  procedure  probably  should  be  changed  to  one  employing 
Namelist  and  Data  Statements.  While  the  time-sharing  programs  presented 
here  are  convenient  for  the  rapid  examination  of  program  changes  the  quality 
of  the  resulting  graphs  produced  as  output  are  poor.  For  better  documentation 
of  the  results  batch  versions  of  these  time-sharing  programs  should  be  developed 
so  that  the  higher  quality  result  obtainable  with  plotting  routines  like  CalComp 
could  be  obtained. 

In  conjunction  with  this  conversion  to  batch  programs  the  use  of  Name- 
list  and  Data  statements  would  also  allow  for  the  development  of  program  object 
decks, so  that  it  would  not  be  necessary  to  compile  the  programs  each  time 
before  execution  of  each  case.  This  would  result  in  some  saving  on  computer 
costs  if  a large  number  of  cases  were  to  be  examined. 

Even  with  the  programs  as  they  now  stand  the  special  cases  that  result 
in  programming  difficulties  or  aborts  should  be  examined  more  closely  than 
was  possible  within  the  time  framework  of  the  project.  The  easiest  way  to 
discover  these  difficulties  is  to  exercise  the  programs  with  various  combination 
of  variables  until  an  unexpected  result  is  encountered.  The  equations  are  then 
examined  to  determine  the  source  of  the  difficulty  and  the  appropriate  course 
of  action  taken.  With  problems  of  the  degree  of  complexity  inherent  in  the 
multimode  stacked  filters  it  is  almost  impossible  to  determine  in  advance  what 
these  special  cases  are  without  encountering  them. 

A more  thorough  experimental  confirmation  of  multimode  stacked  filter 
theoretical  results  should  also  be  carried  out  than  was  possible  within  the 
time  limits  of  the  present  project. 
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So  far,  most  of  the  sug^^estions  made  have  dealt  with  matters  pertaining 
to  the  programs  as  they  were  presented  in  the  present  report.  Extensions  to 
these  programs  should  also  be  carried  out. 

The  first  of  these  is  accounting  for  bonding  layers  between  the  plates  in 
the  multimode  stack.  As  pointed  out  earlier,  it  is  the  authors’  opinion  that  the 
appropriate  time  to  incorporate  bonds  in  the  calculations  is  after  fully  opera- 
tional thin  bond  cases  have  been  obtained.  Conceptually,  the  addition  of  bonds 
is  relatively  simple.  Figure  5-1  shows  the  appropriate  equivalent  circuit  of  a 
lossy  bond,  fn  this  equivalent  circuit  the  parameters  of  the  bond  will  depend  on 
the  type  of  wave  propagating  through  the  bond  (shear  waves  and  longitudinal 
waves  will  in  general  behave  differently).  Figure  5-1  also  shows  the  Impedance 
Equations  appropriate  to  this  equivalent  circuit  along  with  the  Transmission 
Equiitions  of  the  bond.  These  latter  equations  are  probably  more  appropriate 
for  the  inclusion  of  bonds  in  the  multimode  filter  stack.  Figure  5-2  shows  the 
MODE2  problem  of  Figure  3-26  with  a bond  layer  inserted  between  the  plates 
in  equivalent  circuit  form  . Table  5-1  carries  out  the  procedure  required  in 
this  case  for  a determination  of  the  output  currents  of  the  left  plates  in  terms 
of  the  input  current.  Once  this  determination  has  been  made  these  currents 
are  then  followed  back  through  the  equivalent  circuit  in  a manner  similar  to 
that  shown  in  Table  3-16  to  obtain  the  comparable  M0DE2  solution  with  a bond 
layer . 


The  present  programs  are  also  limited  to  stacks  of  two  multimode  plates . 
While  this  is  probably  the  most  commonly  employed  configuration  of  stacked 
filters,  it  does  not  allow  for  an  examination  of  the  full  potential  of  multimode 
stacked  filters.  Further  work  should,  therefore,  involve  extending  the  multi- 
mode  stack  to  a larger  number  of  elements.  It  is  again  the  authors'  opinion 
that  if  this  is  to  be  carried  out  it  should  be  done  in  terms  of  the  augmented 
equivalent  circuit  of  a TETM  plate  as  shown  in  Figure  5-3.  The  use  of  this  aug- 
mented circuit  will  allow  for  considerable  flexibility  in  how  the  electrical  input 
and  output  terminals  in  the  stack  are  formed  in  relation  to  the  electrical  ter- 
minals of  each  plate  in  the  stack.  The  augmented  impedance  matrix  of  this 
equivalent  circuit  is  easily  obtained  from  the  impedance  matrix  for  the  actual 
plate  coordinates  shown  in  Figures  3-19  and  3-20,  as  shown  in  Figure  5-4. 

It  is  also  the  authors'  opinion  that  the  problem  of  a multimode  stack  of 
more  than  two  elements  should  be  carried  out  in  terms  of  the  transmission 
matrix  for  this  augmented  plate.  Table  5-2  shows  schematically  how  this  con- 
version of  the  augmented  impedance  matrix  to  the  augmented  transmission  ma- 
trix can  be  carried  out  in  terms  of  the  submatrices  of  Figures  5-4.  figure  5-5 
shows  again  schematically  the  transmission  matrix  associated  with  the  aug- 
mented plate  equivalent  circuit  of  Figure  5-3.  In  this  approach  the  stack  of 
filter  elements  is  built  up  and  then  the  appropriate  boundary  conditions  are 
applied . 
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a)  Equivalent  Circuit  of  a Lossy  Bond. 


where  cu  is  the  angular  frequency 

is  the  characteristic  impedance  of  the  bond 

OB 

r is  the  bond  complex  propagation  constant 
f „ is  the  bond  thickness 

A is  the  cross  sectional  area  of  the  bond 

p is  the  density  of  the  bond  material 

c is  the  velocity  of  propagation  in  the  bond  material 
B 

Q is  the  mechanical  Q of  the  bond 

b)  The  Bond  Impedance  Equations 
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c)  The  Bond  Transmission  Equations 
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Figure  5-1.  (Cont'd). 


TABLE  5-1.  PROCEDURE  FOR  ADDING  BONDS  TO  M0DE2  SOLUTION 


From  Figure  5. 1 
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From  Mode  2 solution  Table  3-16 
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From  Figure  5 . 2 
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TABLE  5-1.  (CONT’D). 
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From  Figure  5.2 


V3  = ViiB 
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TABLE  5-1.  (CONT'D). 
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but  from  Mode  2 solution  Table  3-16 


V3  - ZLTjj  Ig  + ZLTjg 

V4  = ZLT22  I4  . ZLTgg 


Solution  then  follows  along  the  same  pattern  as  shown  for  Mode  2 with  addi- 
tional steps  involved. 


5-8 


Figure  5-3.  Augmented  Equivalent  Circuit  of  a TETM  Plate. 
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Therefore  the  Augmented  Matrix  for  Figure  5.3  is 

^11  ^12  ^131^14  ^15  ^16i^l7j^l7 
^12  ^22  ^231^15  ^25  ^261^271^27 

?A3.  ' '_2  3 S_3j5.1A  5-2.6  -53_6j  "^Al 

^14  ^15  ^16|^11  ^12  ^13|^17l^l7 
^15  ^25  ^26}^12  ^22  ^23[^27j^27 
^'le  ^_26^^36[^13  ^23  ^33*^371^37 
^17  ^27  ^371^17  ^27  ^37i^77*^77 
^17  ^27  ^371^17  ^27  ^37|^77i^77 
For  later  use  subdivide  as  shown  above 


'^r 

^2 

'3 

I4 

^6 

'^7 

'^8 

Figure  5-4.  Augmented  Impedance  Matrix  of  Augmented 
Equivalent  Circuit. 
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TABLE  5-2.  CONVERSION  OF  AUGMENTED  IMPEDANCE  MATRIX  TO 
AUGMENTED  TRANSMISSION  MATRIX 


Define  the  subdivisions  in  Figure  5.4  as  shown 


^MI 

V = 
MO 

r 

> > 

1 

-V3. 

^MI 

■'i  ■ 
^2 

^MO  " 

f • 

1 

-^3  - 

Ihi 

El 


= |VJ 


^11 

^12  ^13 

^14  ^15  ^16 

^MI 

^12 

^22  ^23 

^MT 

^15  ^25  ^26 

2i3 

^23  ^33- 

L^16  ^26  ^36 

"ME 


‘17 


"27 


"37  -I 


^EI  I ^77^ 


^ME  ~ f ^17  ^27  ^37^ 


In  these  ternns  the  augmented  Impedance  Matrix  of  Figure  5.4  is 


(1) 

'^MI 

^MI  I ^MT' 

^meI  ^ME 

— . — 

^MI 

(2) 

'^MO 

^MT I ^MI  I 

^me|  ^ME 

^MO 

(3) 

'^EI 

7T  ' „T  1 
ME'  ^ME' 

^EI  \ ^EI 

^EI 

(4) 

< 

W 

0 

1 

7T  7T  1 

_ ME I ^ME  , 

^Ei : ^Ei . 

1 

0 

u 

l-H  1 
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TABLE  5-2.  (CONT'D). 


Solve  this  set  of  four  equations  using  algebraic  matrix  techniques  for 
VmI.  ImI.  Vei  and  Iei  in  terms  of  Vmo>  ImO»  VeO- and  Ieq 


From  2 
(5) 


-1 


^MI  ^MT  ^MO  ■ ^MT  ^MO  ' ^MT  ^ME  ‘ ^MT  ^ME  ^EO 


Substitute  5 into  4 
V 


T -1  T T -1 

= 7'*’  7 V 4-  (7  ^ 7*  7 7 \ 1 

EO  ME  MO  ^ ME  ‘ ‘^ME  MT  ^MF  MO 


* ■ ^ME  ^MT  ^ME^  ^EI  ^ ^^EI  ' ^ME  ^MT  ^ME^  ^EO 


(6)< 


'eI  ■■  <^EI  - Z 

- (^EI  - ^ 

- f^EI  - ^ 

■ ^EO 

Substitute  6 into  5 
(7)*  I 


T 

z“^ 

^ME^ 

V 

ME 

MT 

'^EO 

T 

z”^ 

^ME^ 

^^ME  ^MT^  '^MO 

ME 

MT 

T 

'ME 

z-^ 

^MT 

^ME^ 

fz"^  - z'^  z~^ 

'^ME  ME  MT 

Z.,t)  h 


MI 


!<2m- 

|(Z 


(Z^r  “ Z, 


MT  “ME"  '“El  “ME  ^MT  ^ME^  ^^ME  ^MT'  "^MT  ( ''mO 


z:3„)  + z:Liv, 


MT  ^ME^  ^^EI  ' ^ME  ^MT  ^ME^  ^^ME  ‘ ^ME  ^MT  ^MI^ 


^MT  ^MI  1 ^MO 


- !<2m' 

Substitute  6 and  7 into  1 

»>*  ''mi 


7 W7  7'^  7~^  7 V 

MT  ME^  ' El  ■ ME  MT  ME^  '^EO 


1 ^MI 

1 ^^MT 

^ME^ 

T 

'^ME 

z'^  z )-^ 

MT  ^ME 

T 

'^me' 

■ ^ME 

(^EI  - 2 

,T 

'ME 

ME^ 

<4e 

^MT>1 

'^MO 

^I^MI 

{^^MT 

^ME^  ^^EI 

■ ^ME  ^MT 

^ME^ 

^ (Z^ 

- Z*^ 

z 1 

MT 

MI ) 

-1 


"MTf 


T -1 

r ^ 7^7  1 
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^^7 

1 

1 

• 1 

I 1 

0~ 

^MI 

AM 

1 ®M 

' ' 

1 E 1 

0 

1 

.1 

1 1 

1 1 

0 

1 

1 

"1 1" 

I I 

1 1 

0 

^MI 

^2 

= 

^M 

' D-. 

( M 

1 Cg  , 

1 1 

0 

^3 

1 

i 

1 1 

-L  L 

0 

'^EI 

^M 

' M 

! : 

0 

^EI 

^7 

1 »M 

1 ^E  , 

1 

-1 

^^4 

V 

MO 

^6 

^4 

^5 

^MO 

^6 

00 

> 

V 

EO 

L! 

M 

o 

1 

A,,  = 
M 

^ ^MI 

I^MT 

^ME 

(^EI 

T 

■ ^ME 

^MT  ^ME^ 

^MT 

■^ME 

(^EI- 

T 

■ ^ME 

^MT 

^ME^ 

■1  /7T  7“^ 

'^ME  MT 

)| 

®M  = 

1 ^MI 

7mt 

^ME 

<^Er 

T 

■ ^ME 

^MT  ^ME^ 

<^ME' 

■ ^ME  ^MT  ^MI^ 

'^MT 

^MI  j 

^ ^MT  ' ^ME  ^^EI  ■ ^ME  ^MT  ^ME^ 

^^ME  ■ ^ME  ^MT  ^MI^^ 

^E  " 

f ^ME 

(^EI- 

T 

^ME 

^MT 

^ME^ 

1 7 7-1 

■ MI  MT 

^ME  ^^EI  ■ ^ME  ^MT  ^ 

ME^  ^ 

c,.= 

M 

f ^MT 

^ME  ^^EI  ■ 

^ME 

^MT^ 

' (7'^ 

'ME^  '"^ME 

^MT>  * 

■ ^MT^ 

Dm  = 

1 ^MT 

^ME  ^^EI  ■ 

T 

^ME 

^MT  ^ 

' )'^  (Z^ 

‘me’  ^^ME 

-4e 

^MT  ^MI^  ■ ^MT 

^Ml' 

Ce  = 

■|  ^MT  ^ME 

‘^EI- 

T 

■ ^ME 

z'l  ' 

: MT 

w'l 

^m" 

f^ME 

1 ^MT 

^ME 

("ei 

T 

■ ^ME 

^MT 

'4e 

^MT^  ■"  ^Mt| 

■^EI  ■ ^ME  ^MT  ^ME 

,-l 


^M  I ^ME  I^MT  ^ME  ^^EI  ' ^ME  ^MT  ^ME^  ^^ME  ' ^ME  ^^MT 

■^MT  ^Mll  ^ ^ME  ■ ^EI  ^^EI  " ^ME  ^MT  ^ME^  ^^ME  ‘ ^ME  ^MT  “MI' 


,-l 


2*^)1 


Figure  5-5.  Transmission  Matrix  of  the  Augmented  Plate 
Circuit  of  Figure  5-3. 
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( ^EI  ^^EI  ■ ^ME  ^MT  ^ME^  ’ ^ME  ^MT  ^ME  ^^EI  ' ^ME  ^MT  ^ME^  1 
"f  ^^V.l  ' ^mE  ^MT  ^ME^  ^MT^l 


Z±Z. 


El  ‘"ME  MT  ME 


ME  MT' 

T T 

ME  ■ ^ME  “MT  “MI' 


(Zj,r^  - KL  Z.,.)1 


^E  f ^^EI  ^MF  'T  ^ME^  ^ 


Figure  5-5.  (Cont'd) 
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